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B. IN TUNE OR Nm?* A study of fun-tal frequency in msic practise 

Johan Swndberg 

Abstract 

The present paper reviews some investigations of intonation in 
instrumental and vocal music practise. Certain listening experiments are 
also reported. The significance of octave stretch and vibrato to tuning 
in music practise is discussed as is also the importance of frequency 
ratios that can be expressed by small integers. 

Introduction 

The title of the present article a ~ e n t l y  suggests that the topic 

concerns music practise. This will not prevent me from starting with 

theoretical issues, because in this way the reader's expectation will 

be calibrated: according to good tradition, theory tells us what to 

expect. And if there is a discrepancy between expectation and observa- 

tion, we get surprised, perhaps, and try to improve theory, to make it a 

more accurate description of reality. This leads us to the question of 

the title: what is considered "in tune" and "out of tune" by music 

theory? 

Theory - 

The scale in Western concert music is based on the octave interval, 

as are the scales of most other music cultures as well. A rising/falling 

octave interval is obtained as soon as the fundamental frequency is 

doubled/halved. The octave thus corresponds to a frequency ratio of 1:2 

(or 2:1), and analoguously, each music interval corresponds to a funda- 

mental frequency ratio of its own. However, these ratios are more 

precise than our cathegorical perception of musical intervals. Thus, a 

good many intervals would be labelled "major third", even though they 

differ as regards frequency ratio. For instance, a major third may have 

three different frequency ratios: 5:4, 21/3:1, and 81:64, or 1.25:l. 

1.2544:1, and 1.2656:1, respectively. Which one of these major thirds 

seems more attractive depends on which type of scale one prefers, the 

pure scale, the equally tempered scale or the Pythagorean scale. Let us 

look a bit closer at these three different scales. 

* 
'Ibis is a slightly revised version of a paper givenatadararranged 
in 1978 by the Corrunittee for Music Acoustics of the Royal Sedish Acad- 
emy of Music. A swedish version of the paper has been publishedtogether 
with sound illustrations on a phonograi record in V 5 r  krsel och Musiken , 
Kunal.Musikaliska Akademiens skriftserie nr 23. 
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tries to go from one tonic to another. 

The third classical scale is called Pythagorean. It i s  named after 

i t s  inventor who is claimed to be Pythagoras. (We may correctly conclude 

that evolution has not been a l l  that fast i n  the area of music theory.) 

In the Pythagorean scale the scale tones are obtained by piling pure 

fifths on top of each other, i. e. by repeatedly multiplying the freque- 

ncy by 3:2. When the pile is seven steps high, a l l  tones in the diatonic 

scales are included. Then, a l l  tones are brought down to  the same octave 

by halving the frequencies a proper number of times. Th i s  scale is a 

nuisance for number mystics, because it produces no beautiful ( = s m a l l  

integer) frequency ratios. On the other hand it is a b i t  easier t o  use 

than the pure scale, as a l l  i t s  major and minor seconds are of identical 

sizes. Still ,  problems arise when the tonic is changed. 

Next we w i l l  compare these three scales by showing the difference 

for identical intervals. This comparison i s  made i n  Fig. 11-B-1. I t  

shows the intervals counted upwards from the root of the tonic. For the 

sake of overview the intervals have been related to their equally t e m -  

pered scale versions. The deviations are given in the unit of hundredths 

of a semi tone step in the equally tempered scale, that is in  cents. 

While we contemplate the values of the graph, we should recall that the 

most keen ears w i l l  be capable of discriminating frequency differences 

as small as about 5 cents, which, i n  other words, i s  the smallest 

difference limen for frequency. The graph demonstrates the fact that all 

three scales agree only for the intervals of the prime (which i s  really 

not very surprising) and the octave (which is hardly surprising either, 

as the scale i s  based on this interval). Apart from this trivial agree- 

ment we note that the pure scale agrees w i t h  the Pythagorean scale for 

the fourth and the fifth, while remaining intervals differ by 22 cents, 

and the equally tempered scale values occur somewhere inbetween this  

difference. I t  i s  also interesting to  see that i n  most cases it is the 

pure versions that are narrow and the Pythagorean versions that are 

wide, i f  the intervals are counted upwards from the root of a major 

tonic, as i n  the graph. I n  those intervals, where the Pythagorean and 

pure versions differ,  the difference i s  22 cents, and it is the pure 

version which is the narrower one. 

So much for theory. It pretends that the musician may choose bet- 

ween up to  three different alternatives when he performs an interval. 
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NOTE 
Fig. II-N-1. Deviatims of the Pythagorean (P) and pure (R) diatmic scale 

frequencies from the values in the equally tempered scale. 



Then an interesting question appears: which alternative does he prefer? 

Practise 

1. Instrument playing 

The answer to the above question should really depend on whether 

the musician is playing solo or in an ensemble. If he plays solo, he may 

choose whatever he feels like, but if he plays together with other 

instruments, he must adjust his choice to his colleagues in order not to 

generate too many beats. For this reason it is necessary to distinguish 

between melodic intervals, where the two tones of the interval are 

played in succession, and dyads, where the two tones are played simulta- 

neously. It is only in the case of consonant dyads that there is a risk 

for generating beats. Notice that beats can be generated even in cases 

where the frequency difference is smaller than 5 cents, i. e. is smaller 

than the difference limen for frequency. For this reason it seems that 

the accuracy required should be greater in the case of dyads than in the 

case of melodic intervals. That would be another nice reason to distin- 

guish between these two types of intervals. 

From the above we may conclude that, in order to avoid beats, two 

musicians playing a consonant interval have to chose the pure versions 

of these intervals, and, furthermore, their accuracy occasionally will 

have to exceed the difference limen of frequency. However, in reality 

this is rarely the case. Consonant dyads deviating from the pure scale 

version can be played without generating beats, provided that at least 

one of the tones in the dyad is not played with an infinite stability 

regarding fundamental frequency. For instance, if only one of the tones 

is played with vibrato, the risk of beats is practically eliminated 

(Winckel, 1957). This is probably one of the best arguments for using 

vibrato in music practise: it gives the musician some leeway regarding 

the fundamental frequency. 

Let us now return to our question of what intervals musicians 

prefer when they play music. Some data have been published on string 

trio playing (Shackford 1961, 1962a, 1962b). The performance of three 

ensembles was studied. They played four pieces composed by Shackford. As 

expected, variations were revealed between the three ensembles as well 
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the third often moves a minor second upwards to the root of the tonic, 

and the seventh generally falls by one minor second to the third of the 

tonic. If a melodic minor second should be very narrow, the lower tone 

should be played sharp and/or the upper tone should be played flat. In 

our case this would mean that thirds of the dominant and tonic chords 

I should be played sharp, and the seventh of the dominant chord should be 

played flat (we reject the alternative of playing the root of the tonic 
I 
I flat). Thus, it is possible that the narrow melodic minor second and the 
i 
I narrow diminished fifth dyad are interdependent. And after all it is 
I 
I trivial that the intonation of melodic intervals and dyads are interre 

1 lated in played music. 

We can summarize that our main hypothesis survived this examination 

of the intonation in other types of ensemble playing; most intervals are 

played somewhat wider than what is prescribed by the theory of the 

equally tempered scale. The only clear exception is the melodic minor 

second, and the diminished fifth which are both played narrower, and, 

probably, both for the same reason. In other words, the intervals seem 

to model neither Pythagorean, nor the equally tempered scale values, and 

they are mostly still further from the pure versions. This appears to 

apply to melodic intervals as well as to dyads. 

2. Barbershop singing 

Above we have seen that melodic intervals and dyads do not seem to 

differ appreciably with respect to size in instrument playing. But do 

there results really allow the conclusion that the ideal physical size 

of a dyad is identical with that of the corresponding melodical inter- 

val? In all types of music there is a melodic element which may also 

affect the intonation of a dyad embedded in a chord. Therefore we cannot 

dismiss the suspicion that all the intervals shown as averages in the 

preceding graphs really refer to melodic intervals, even though they 

were found in chords. In that case it would be good to compare these 

values with values collected from a type of music in which the harmonic 

events represent the main musical "content". Moreover, it would be good 

if vibrato was not used in this type of music, because vibrato elimi- 

nates beats, and the beat horror would be the only reason which would 

tend to convince a musician to play the dyads pure. The type of music 

corresponding to this description, is barbershop-singing. It is perform- 
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hypothesis, so it deserves an extra comment. It is no less than 24 cents 

narrower than in the equally tempered scale, which means 50 cents narro- 

wer than the pure. However, this third appeared between the fifth and 

the seventh in a dominant chord. In the series of harmonic partials one 

finds such a dominant seventh chord; it is composed of the harmonic 

partials nros 4, 5, 6, and 7. If the singers would feel like reproducing 

the dominant chord given to us in this shape by NATURE, they ought to 

give the minor third considered here the frequency ratio of 6:7. This 

would be 33 cents narrower than the minor third in the equally tempered 

scale, which is very close to what the barbershop singers actually sang. 

Presumably, it is the 6:7 minor third which the barbershop singers 

match, and not the 5:6 third of the pure scale. 

3. Concert singing 

In the preceding we have been concerned with the performance of 

musicians. We have collected data on their fundamental frequency choice 

in order to find out how wide different intervals are played in music - 
practise; but we have tacidly assumed that these interval sizes will 

show us how wide the intervals should be in order to sound well to the - 
musically trained listener. No doubt, this seems to be a safe assump- 

tion; skilled musicians must really play in such a way that even the 

fastidious listeners' ears are satisfied; in the end it is the desires 

of the listeners which define what a skilled musician is. Still, it is 

interesting to look somewhat deeper into the question how musically 

trained listeners react on intonation in music practise. For instance, 

we saw in the above a fundamental frequency histogram of a professional 

opera barytone who apparently used his fundamental frequency as an 

expressive means. We may ask if this is a typical function of fundamen- 

tal frequency in singing. Thus, what is intonation like in singing 

practise, and how far from the theoretically correct frequency can a 

singer be, before the audience reacts and perceives the singer as being 

out of tune? 

Two musicologists, H. Lindgren and A. Sundberg, studied these 

questions in an investigation of singing (Lindgren & Sundberg, 1972). 

They collected a material from phonograms of more or less skilled sing- 

ers' recordings. The material contained tones both in tune and more or 

less out of tune. They spliced a tape including 16 examples containing 

tones which represented different degrees of successful intonation. The 1 
: i 1 



tape was played to  35 listeners, singing teachers and choir singers. 

Their task was to  follow the voice i n  a copy of the music score and 

circle a l l  notes they heard as out of tune. These data were combined 

with fundamental frequency data measured from spectrograms (sonagrams). 

Fig. 11-B-8 gives an example of the results. The curves shown i n  

the l e f t  half of the figure pertain to  cases which were found out of 

tune by a t  least  75% of the listeners. The right part of the figure 

shows curves that were accepted without comments by the listeners. The 

curves showing fundamental frequency versus time have an undulating 

appearance. This is because of the vibrato, which corresponds to a low 

frequency modulation of the fundamental frequency. From vibrato tmes 

our hearing organ perceives a pitch corresponding to  the average fre- 

quency (Sundberg, 1978a, Shonle & Horan, 1980). The value suggested as 

the ideal by the equally tempered scale is represented by the center 

l ine in each graph, and the upper and lower lines show this  value +/- 
one semitone. 

The general character of the curves do not really invite a very 

detailed analysis of whether the singers sing i n  accordance with the 

equally tempered, the pure or the Pythagorean scale. S t i l l ,  several 

interesting observations can be made from the plots. Among the tones 

that were acoustically misplaced - from a theoretical point of view - 
very few were accepted as i n  tune. Particularly i f  the fundamental 

frequency curved around an average which was too low, or i f  the "error" 

occurred on a stressed position i n  the bar, the listeners were very 

intolerant. (The last mentioned case suggests that attention is, indeed, 

beating the rhyhtm in the listener's brain!) Among the tones accepted as 

being in tune (i. e. without comments) by a t  least 75% of the listeners 

the great majority of cases were tones with a fundamental frequency 

averaging on a theoretically correct value. There were some other cases 

too. Several of these were tones with (theoretically) too high a fre- 

quency average. We are reminded of the data in  Fig. 3 on intonation in 

instrumental music. Two tones w i t h  too low an average were accepted as 

pure by most listeners. One of these stemmed from a song without accom- 

paniment, and hence it could be explained by a gliding reference pitch. 

The other shows a rising, glissando-like intonation towards the "cor- 

rect" value, which i s  actually reached during the very last 10 centisec- 

onds of the note. 
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Even this  study suggests that pitches that are too high are nicer 

t o  l i s ten to  than pitches that are too low. This is i n  agreement with 

the data shown i n  Fig. 11-B-3, as mentioned. Both apparent and aston- 

ishing i s  that the pitch accuracy i s  so low; the curves are very remate 

indeed from barbershop intonation1 Errors of both 50 and 70 cents may 

occasionally be accepted as perfect intonation. One possible interpreta- 

tion of this is that fundamental frequency i s  used as a means of musical 

expression. 

4. What i s  a pure dyad? 

Let us now approach theory again and pose the following question: 

I f  we l is ten to  isolated, "context-free" dyads, what are the ideal 

sizes? A thesis work a t  our institute (Agren, 1976) attempted to  find an 

answer to  that question. Musically trained listeners tr ied to  match 

major second, major third, pure fifth and pure octave. These dyads were 

formed by synthesized tenor and alto tones. Both these tones had vibra- 

to, so that no beats could be generated. In the tests ,  the subjects 

adjusted the fundamental frequency of the upper tone 10 times. Fig. 11- 

B-9 shows the results i n  terms of wheightes averages. The wheighting was 

done in  such a way that the significance attributed to the response was 

inversely proportional t o  the standard deviation of the individual 

subject's settings. Thus the responses from very consistent subjects was 

counted more than responses from other subjects. The average interval 

sizes obtained in th is  way are very close t o  those of the equally 

tempered scale, as can be seen in Fig. 11-B-9. S t i l l ,  we observe that  

three of the four averages are a l i t t l e  wider than they should be 

according to the equally tempered scale. Once again we find traces of a 

preference for wide intervals. In the same figure it can be observed 

that the averages obtained from t h i s  experiment match those found in 

instrumental playing, which are represented by the hatched areas in the 

plot. We can make a trivial but s t i l l  consoling conclusion: the musical- 

ly sophisticated listeners' wishes agree with the performance of skilled 

musicians 1 

A l l  scales are based on the sacred pure octave having the frequency 

rat io of 2:l. However, in the l a s t  mentioned study the pure octave was 

found to  be somewhat wider than the the octave given by the frequency 

ratio of 2:l. Thus, one may question the reliability of this frequency 

ratio. Does it really offer a stable basis i s  for the purpose of con- 
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Fig. 11-B-9. Average interval sizes  be- tm vibrato tcnes, that w w x  tined by w i c a l l y  trained subjects. 
The hatched areas shaw the Wues given in Fig. 11-B-3. 



structirq a scale? 

Ward (1954) showed that a pure melodic octave between two sinewave 

tones must be stretched by several cents before it sounds perfectly pure 

to the musical ear. Later on we showed here at KTH that this is true not 

only of sinewave tones but also of complex tones with an abundance of 

overtones (Sundberg & Lindqvist, 1973). It was found that a perceptually 

pure octave is obtained only when the theoretically pure 2:l octave has 

been stretched by no less than 15 cents, on the average. 

Even though the last mentioned investigation dealt with more musi- 

cally relevant tones than sinewave tones, they had too many and strong 

overtones to be typical for music practise. W a y  we are better equipped 

to synthesize tones which sound as though they were sung by a profes- 

sional singer. The equipment, which is called MUSSE (Music and Singing 

Synthesis Equipment). It is a vowel machine which can be played either 

from a normal keyboard or from a computer program (Larsson, 1977, Sund- 

berg, 1978b). 

Using MUSSE "barytone" and "soprano" rising triads were synthe- 

sized. The highest (final) note was varied in frequency from 2:l -35 

cents in 12 steps up to +42 cents. These triads were presented four 

times in randomized order to 14 musically well-trained listeners. Nei- 

ther the majority of the listeners, nor the listeners showing the smal- 

lest standard deviations accepted the mathematically pure octave as 

(perceptually) pure. This results is in agreement with the result just 

mentioned that were obtained with the tones which were very rich in 

overtones. This speaks to the hypothesis that the pure octaves obtained 

in the experiment with stimuli having an abundance of overtones may have 

5. A "new" scale? 

We now invite the reader to an experiment. We construct a chain of 

perceptually pure octaves. The widths of these octaves will vary with 

frequency. As the perceptually pure octaves are not mathematically pure, 

this chain of octaves will depart from the equally tempered scale fr* 

quencies. By interpolation we can arrive at frequencies for the interme- 

diate tones within each octave. As all perceptually pure octaves are 

somewhat wider than the mathematical octaves, the frequencies will be 
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Fig. 11-B-11. ?he solid curve shows the deviations from the equally tempered 
scale tha t  can be expected i f  the scale used in music practise 
w e r e  based on a chain of perceptually pure octaves. The open 
c i rc les  show the average deviations from the euqally tempered 
scale observed i n  solo playing on the f lu te ,  oboe, and* violin. 
F r o m  Sundberg & Lindqvist ( 1 973) . 
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certain experimental conditions) between the first and the second par- 

tials of a harmonic spectrum is somewhat wider than the interval between 

the same two tones when the tones are presented in isolation. Thus, if 

the octave is embedded in a spectrum, it sounds somewhat wider than when 

the same tones are sounded as a melodic interval. Terhardt regards this 

effect as a kind of masking. The principle is that two simultaneously 

sounding tones mutually repell the pitch of the other tone: the lower 

tone pushes the pitch of the higher tone upwards, and the higher tone 

pushes the pitch of the lower tone downwards. In this way the pitch 

distance between the two tones is increased. 

This agrees quite well with the fact that most interval are played 

slightly wider than what they should be, theoretically. According to 

Terhardt it is simply the octave dyad ocwring between the two lowest 

partials of a harmonic spectrum, that serves as our model for a really 

pure octave. For this reason it is necessary to play intervals somewhat 

wider than what theory states. Even though ~erhardt's theory is appeal- 

ing, it ream ins certain phenomena unexplained. Thus, it suggests that 

the pitch distance between the tones of a dyad should sound somewhat 

different (greater) than that of a melodic interval of identical size. 

This implies that, in music practise, dyads and melodic intervals should 

differ with regard to physical size. No such difference was found in 

shack- ford's measurements. 

It is probably advisable to pay a critical thought to the categori- 

sation of intervals in dyads and melodic intervals; it is not at all 

evident that a dyad is not at the same time partly a melodic interval. 

The melodic context would always affect the players' choice of fundamen- 

tal frequency. Therefore it is probably unwise to regard melodic inter- 

vals and dyads as quite separate phenomena. In this connection it is 

interesting that the dyads found in barbershop intonation, which is a 

type of music where the chord progressions are unusually important, were 

narrower than the intervals found in other types of music. 

Conclusions .- 

What conclusions can be drawn from the above? One conclusion is 

obvious: small integer numbers do not explain very much of what happens 

with regard to fundamental frequency in music practise. Moreover, it is 



rather questionable whether the pure and the Pythagorean theoretical 

scales are of relevance to  the scale tone frequencies used i n  musical 

reality. Predictions based on these scales are likely to  f a i l  quite 

often. A s  regards the equally tempered scale it is probably used in one 

single instrument, only, viz. the organ (Sundberg, 1967). In that in- 

strument it is probably used because better alternatives are missing. 

And, of course, the mere idea of constructing a theory of scales on the 

basis of physics rather than perception is not very bright. Hopefully, 

future w i l l  offer a new scale theory based on pitch perception. So our 

f irst  conclusion is negative; the l k u t y l l  of s m a l l ,  integer numbers are 

unable to explain the choice of fundamental frequency in music practise. 

We can also draw a positive conclusion, which is more interesting, 

perhaps. We found that the vibratefree barbershop singers use sizes of 

dyads that are rather different from what i s  found i n  other types of 

music, where vibrato i s  allowed. The barbershop singers have to go much 

closer to  the pure tuning of dyads i n  order t o  avoid beats. (They need 

not go t o  the mathematically ideal frequency i n  order t o  avoid beats. 

The probable reason for th is  is that the human voice is not ideally 

periodic, cf Hagerman & Sundberg 1980.) Anyway, they have a very re- 

stricted choice as regards intonation of intervals, because of the 

*eating beats. What opens up a greater freedom regarding the intana- 

tion of dyads is the vibrato. It seems likely that this is an important 

excuse for the presence of vibrato in our Western polyphonic music 

culture: it reduces the risk for beats and so it unlocks the dimension 

of fundamental frequency to  the performer; the right half of Fig. 8 

showed some examples of fundamental frequency curves that deviated quite 

substantially from the theoretically "correct" values but were s t i l l  

accepted as i n  tune by expert listeners. Such deviations must be unac- 

ceptable without vibrato and they can be presumed to  serve a r t i s t i c  

purposes. I 
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