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TEMPORAL SYNTHESIS OF STRING INSTRUMENT TONES 

Alltoine Chaigne*,Anders Askenfelt, & Erik V.  Jansson 

Abstract 

This study compares the results of measurements and physical modeling of the string 
vibrations in three common musical instruments: the guitar, the piano, and the violin. The 
string vibrations are determined by three major conditions: the properties of the string, the 
boundary conditions at the end supports, and the excitation (plucking, striking, or 
bowing). Simulating the string vibrations by means of a discrete model on a computer 
provides a powerful method for evaluating the importance of each of these conditions. 

In general, the numerical simulations and the measurements showed a close 
agreement. As for the guitar, the resonances of the guitar body was modelled with 66 
resonances in the frequency range 0-5 kHz. It was found that the dominating resonance of 
the guitar body influences the string vibrations shortly after, but not during, the attack. 
This influence could also be perceived in listening tests. 

For the piano, the nonlinearity of the piano hammer was included. This allowed a 
realistic modeling of the force history between hammer and string, and different 
combinations of hammer properties and dynamic levels were simulated. Also in this case, 
calculated waveforms and spectra agreed well. 

Attempts of simulating the bowed string indicated that the discrete model also could 
be adapted to a continuous driving force. In spite of initial numerical stability difficulties, 
it was found that the condition for switching between slip and stick is a more important 
factor than the details of the frictional characteristic between bow hair and string in 
setting up a rcalistic Helmholtz motion. 

1. INTRODUCTION 

An understanding of the complexity of the vibrations of real strings is imperative for a thorough de- 
scription of the sound generation in musical instruments such as the guitar, the violin, and the pi- 
ano. Simulating the string vibrations on a computer provides an efficient method for testing the va- 
lidity of a particular physical model of a string. The numerically obtained waveforms can easily be 
compared with the real (measured) waveforms. Further, the numerically generated waveforms can 
be converted into sound by digital-to-analog conversion, and the quality of the generated sounds 
can be judged (Hiller & Ruiz, 1971; Chaigne 1990a; 1990d). One major advantage of the approach 
used in this study is that it provides solutions in the time domain, i.e., the transients of the sounds 
are automatically included. 

The string vibrations are determined by three types of properties: 

(1) string characteristics (material properties, tension, and geometry), 
(2) boundary conditions (impedances at the bridge and stopping finger), 
(3) excitation (finger pluck, hammer strike, etc). 

The string characteristics as well as the boundary conditions can usually be well described by 
linear theory, including the loading of the bridge by the sound box (soundboard). However, the 
equations describing the excitation are in general complex and contain nonlinear terms. It is not 
possible to find analytical solutions to such problems, and numerical techniques are required for 
solving the corresponding equations of motion (cf. Morse & Ingard, 1968). 

Several interesting questions suggest themselves as possible to answer with the aid of physical 
modeling: How important are the properties of the string? How important are the boundary condi- 
tions? How important are the excitation conditions? Are the idealized classical conditions (ideal 
string with rigid terminations) a fair approximation or only a mathematical abstraction? 

1 *Guest researcher, August-December 1990 from TELECOM Paris. 46 Rue B m u l t ,  F-75634 Paris Ceden 13, France 
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In this study, certain aspects of the sketched problem will be studied, giving preliminary answers 
to the above questions. A combination of numerical simulation and physical measurements will be 
used. The work should be considered as a pilot study, probing ground for future studies (Chaigne & 
al., 1991). 

2. THEORETICAL BACKGROUND 

2.1. The string - a continuous model 
The presented string model is limited to transverse vibrations in a plane. The vibrations are de- 
scribed by 

in which the stiffness (E) and the internal frequency-dependent damping are included. 

The two partial derivatives of odd order with respect to time simulate a frequency-dependent 
damping of the form 

which corresponds to an increased damping at higher frequencies. It should be emphasized that no 
considerations are made here about the physical origin of the damping. The constants represent a 
necessary data reduction and cannot be attributed to a specific case, such as air damping or internal 
damping. A force density term can be added to the right hand side of Eq. (I), representing the exci- 
tation force during contact with the exciter (finger, bow, or hammer with a certain width) 

It is assumed that the force density term does not propagate along the string, so that the time and 
space dependence can be separated 

The first factor f(t) is proportional to the time history of the force conveyed by the exciter to the 
string. The second factor g(x,x,) is a "spatial window" accounting for the width of the exciter. The 
importance of this window will appear later in the discrete version of Eq. (4). In short, if the exci- 
tation is assumed to be concentrated to a single point, artefacts such as discontinuous wavefonns 
are obtained. From a physical point of view the spatial window distributes the exciting force 
smoothly over the width of the exciter. 

2.2 Boundary conditions 

The string terminations in musical instruments are not completely rigid. In particular, the bridge 
moves slightly due to the vibratory force from the string. Also, when stopping a string with a finger 
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against the fingerboard, the termination is far from rigid. The ends of the string will thus always 
move a little and the derivatives with respect to position are not zero. In the linear case, the most 
general equation in the time domain can be written as 

The left hand side represents the force at the bridge due to the string, T being the tension. i is a 
linear operator applied to the string velocity, including derivatives and integrations with respect to 
time. If it is assumed that the behaviour of the load at the bridge is described by a single resonance, 
then Eq. (6) becomes 

where M, represents the modal mass of the resonance, % the modal damping, and KO the modal 
stiffness. The relations between M,, KO, and R, are 

KO - 2 RO a0 
and - - = 0, - - 

Mo Mo Qo 

The three parameters (R,, M,, KO) can be derived from a measurement of the input accelerance* 
at the bridge of the instrument which gives the eigenfrequency a,, the quality factor Q,, and the 
mode amplitude A, (Skudrzyk, 1987; Alonso & Jansson 1982). Eq. (7) can easily be reformulated 
in discrete form using finite differences. 

In order to obtain realistic results, a more complicated model must be used, allowing for several 
resonances to influence the motion of the bridge. For the guitar and the violin, with many eigen- 
modes clearly visible on an measured accelerance curve, a better model can be designed as a set of 
parallel resonances (Mathews & Kohut, 1973). For each mode j, the three constants Mj, Rj, and Kj 
can be derived from estimations of Aj, wj, and Qj in accelerance measurements. In the model of the 
guitar, it is also important to include a mutual coupling between the lowest airmode and the first top 
plate resonance. 

2.3. Initial conditions - a continuous model 

Simulating convincing musical sounds requires a fair approximation of the initial conditions. For 
the string instruments, the excitation mechanism (finger, hammer, bow) is so critical that it defines 
the type of instrument. This is reflected in the common division of the stringed instruments into 
three classes; plucked, struck, and bowed instruments, respectively, indicating the importance of the 
excitation process for the identification of the instrument. 

The plucked and struck strings are characterized by two different regimes of vibration, depend- 
ing on whether the exciter is in contact with the string or not. For the plucked string, it is assumed 
that the time history of the plucking force is given. The upper limit of the contact duration is related 
to the maximum force carried by the plucking device (finger or plectrum) before release. After re- 
lease, the plucked string vibrates freely. 

For the struck string, the initial velocity of the hammer at string contact is assumed to be a given 
parameter. Here, the contact duration depends on the difference between the position of the ham- 

*Accelerance is acceleration divided by driving force ( k g 1 )  

83 
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rner and the displacement of the string at the contact point. As the interaction force between ham- 
mer and string vanishes, the string is left to free vibrations. 

I 
For the violin, there is a continuous interaction between the excitation device (the bow) and the 

string, and the string alternatively sticks to and slips under the bow. Preliminary experiments sug- 
gest that the condition defining the change from slip to stick phase not can be expressed in terms of 
force or velocity, and further work is needed on this point. 

2.3.1. Plucked string (guitar) 

A force density term f(t)g(x,x,) is added to the right hand side of the string equation (Eq. (I)), 
where 

F(t) represents the plucking force exerted by the finger on the string. The time history of this 
force is assumed to be given, including contact duration. A realistic evolution of F(t) is derived 
from experiments (see Section 3). F(t) is distributed over a string segment of length 26x. After the 
contact between finger and string has ceased, the string vibrates freely, following Eq. (1). In Eq.(9), 
p=m,/L denotes the mass per unit length of the string, and x, the point of excitation along the 
string. 

2.3.2. Struck string (piano) 

The method applied to the struck string is similar to the method described above for the plucked 
string. A difference follows from the fact that the excitation force F(t) is not given. For the struck 
string, the force history F(t) results from a nonlinear interaction process between hammer and 
string. The motion starts at t=O as the hammer with velocity v,,, makes contact with the string at the 
striking position x,. As in the plucked case, the string need not be at rest when the (new) excitation 
starts. The length of the string segment, interacting with the string, is equal to 26x, and Eq. (9) still 
applies. Following other authors (Askenfelt, 1989; Boutillon, 1988; Hall, 1989; Hall & Askenfelt, 
1988; Suzuki & Nakamura, 1990), we assume that the force F(t) is given by 

where the displacement q(t) of the hammer head (mass center) of mass m is given by: 

The interaction ends when the displacement (position) of the hammer head q(t) is less than the 
displacement of the string at the contact point. This gives the contact duration between the hammer 
and string. 

* The integral 
x0+6x 

J g(x,xo) dx 

x,-6~ 
appearing in Eq. (9) is normalized to Ax=L/N in the discrete equations, using appropriate values of g(x,x,). This 
explains why this term does not appear explicitly in Eq. (17). 
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2.3.3. Bowed string (violin) 
In this case, it is not appropriate to speak in terms of initial conditions as the bow interacts continu- 
ously with the string. For this reason, the program was modified in the following way. 

Initially, it is assumed that the string is either sticking or slipping. The problem is to find appro- 
priate conditions for switching from one state to the other. During the slip phase, the bow acts as a 
"brake" on the slipping string, and it is possible to apply the same equation as for the plucked and 
struck string during the interaction with the exciter (Eq. 9). For the bowed string, the interaction 
force F(t) is given by a frictional characteristic which can be written (Lazarus, 1972): 

~Y(xO,~)  
F~ { ax - vB(t)} represents a (nonlinear) friction characteristic with a negative slope, being 

a function of the relative velocity between bow and string at the bowing point. The condition for 
spatial windowing of Eq. (9) applies also here, meaning that the interaction with the bow is not 
limited to a point on the string (corresponding to a single segment of the discrete string). 

The string remains in the slip phase until a string discontinuity ("kink"), produced at the previ- 
ous release, returns to the bow after a roundtrip on the string and initiates the stick phase. During 
the stick phase, the interaction between bow and string is expressed by the condition 

meaning that the string has the same velocity as the string at the bowing point (x,). The sticking 
phase lasts until 

This latter condition means that the string starts to slip when the restoring force from the dis- 
placed string exceeds a given value F,,, corresponding to a maximum frictional force between bow 
and string. This maximum force is set by the value of the frictional characteristic at zero relative 
velocity bow-string. 

2.4. The string - a discrete model 

There are numerous possibilities for approximating the previous continuous equations with finite 
difference equations. The choice of a specific discrete scheme is the result of the most suitable 
compromise between accuracy, stability, and dispersion. Central difference schemes are used here, 
resulting in sufficiently high accuracy (small truncation errors). These schemes also lead to conve- 
nient recurrence equations, in which the stability condition is not too drastic (see Richtmyer & 
Morton, 1967). However, an unwanted dispersive effect is obtained due to the stiffness term in the 
string equation (see Chaigne & al., 1989). As a result of the numerical dispersion, the eigenfrequen- 
cies and the inharmonicity are underestimated for a given stiffness parameter. The dispersion af- 
fects only the frequency range below half the sampling frequency so by using a sufficiently high 
sampling rate, the dispersive effect can be made inaudible. 

The schemes of finite differences have been described in detail in a previous paper (Guyard & 
Chaigne, 1988). In short, let Ax be the spatial step and At the time step. Values of the variable y(x,t) 
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where F(n) is force at time t,=nAt, and g(i,i,) is the value of the spatial window at position x,=i,Ax. 
This condition is valid during the contact duration (given). 

2.5.2 Struck string 
Also here we can use Eq. (17) but the force history, F(n), is not known. The following algorithm 
has been used to compute this force. Assuming that F(n) is known, all values y(i,n+l) can be com- 
puted. The displacement of the hammer body at time t,+l=(n+l)At is then computed as 

The value of the force at time (n+l)At is obtained using 

F(n+l) = K I q (n+l )  - y(io, n+l)  I 

The initial condition is q(1) = vHOAt. 
The hammer leaves the string when 

after which time the string is left to free vibrations according to Eq. (16). 

2.5.3 Bowed string 
For this case, the discrete model offers no complications in itself. The discrete expressions corre- 
sponding to the continuous equations (12) - (14) are straightforward. The critical point is to make a 
satisfactory description of how the circulating "kink" can initiate a switching between the slip and 
stick phase. It turns out that force or velocity conditions alone not are sufficient. 

3. EXPERIMENTS AND RESULTS 

In this section, results of the numerical experiments will be presented and compared to measure- 
ments on real instruments. 

3.1 The guitar and the plucked string 

3.1.1. The string 
As an introduction to the experiments, the influence of stiffness and damping on the waveform of a 
rigidly mounted string was evaluated from the physical model (cf. Chaigne 1990b; 1990~) .  A 
"standard" pluck was used (see Fig. 6c). Tones corresponding to the computed waveforms were 
synthesized and put together in demonstration series. In each series, only one parameter was 
changed at a time. Informal listening tests suggested that the frequency-dependent damping is a 
more important string parameter than the stiffness. 

3.1.2. The guitar body 
First, the properties of a luthier's guitar of high quality were measured in order to obtain represen- 
tative parameters for a simulation of a guitar body. The nodal patterns of the lowest three modes of 
the top plate were mapped by means of Chladni patterns, with the guitar resting horizontally on 
plastic sponges. The usual method of loudspeaker excitation and identification of the nodal lines 
with crumbles of cork was used. The two lowest modes of this particular guitar were similar to the 
modes observed on other guitars (cf. Jansson, 1971; 1983). The third mode, however, showed a 
slightly deviating pattern, probably because of the crossbar below the sound hole, which in this in- 
strument did not extend to the rim. This allowed the upper part of the top plate to vibrate more 
freely. 
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The next step was to measure the input accelerance at the bridge in order to obtain realistic 
boundary conditions for the string (see Figs. l a  and 2a). The input accelerance was measured (cf. I 
Ewings, 1984) perpendicular to the top plate by means of a small impulse hammer (PCB 086M37), 
a miniature accelerometer (BK 4374,0.65 g), and a two-channel FFT-analyzer (HP 3562A). 

The significance of the details in the measured accelerance curves was tested by the discrete 
model. In the low frequency range (0-1 kHz), 16 prominent peaks could be extracted from the mea- 
surements. For each peak, the eigenfrequency, the bandwidth, and the relative magnitude were 
recorded. Using these values, sets of three lumped elements consisting of modal mass, stiffness, and 
damping were derived. These elements defined second order filters - one for each eigenmode. 
Finally, the complete filter equivalent to the accelerance curve was modelled as a net of these sec- 
ond-order filters in parallel. The two lowest modes (A0 and TI) were added in a special branch, 
including a mutual coupling (cf. Christensen & Vistisen, 1980). 

2.5 

FREQUENCY (kHz) 

0 2 5 5 

FREOUENCY (kHz) 

Fig. 2 .  Accelerance curve at the bridge of the same guitar as  in Fig. 1 ,  
frequency range 0-5 kHz, ( a )  measured and (6) synthesized. 

The measured and modeled accelerance curves for the frequency range 0-1 kHz can be com- 
pared in Fig. 1. The curves appear to be very similar, as far as can be read from the figure. Demon- 
stration series of guitar tones were synthesized using this model of the guitar body. In these series, 
the eigenmodes were introduced in the boundary conditions one by one, which made it possible to 
judge the perceptual relevance of each individual peak. It turned out that the influence of the nine 
most prominent modes was clearly audible, while the seven weakest peaks had negligible influence 
on the tone. For this reason, it was decided to use a simplified model in the following synthesis, 
featuring only nine modes up to 0- 1 kHz. 

In the frequency range above 1 kHz, it was not possible to separate the eigenmodes. Therefore, 
another method was used for modeling the accelerance curve in the range 1-5 kHz. This model was 
derived from statistical considerations. It was assumed that the eigenmodes were equally spaced in 
this range (see, e.g., Cremer, 1984). Further, it was assumed that the Q-factor was the same for all 
modes, and that the intermodal distance between the adjacent resonances was constant. In the com- 
puted examples, the Q-factor was set to 30 and Af to 70 Hz. The magnitude of each mode was set 
according to the level read on the measured accelerance curve at the corresponding frequency. 

The described model was used to generate the accelerance curve in Fig. 2b, covering the fre- 
quency range 0-5 kHz. In the range 1 to 5 kHz, the accelerance curve was modeled as a set of 57 
second-order filters in parallel. Also in this case, the measured and modelled curves appear to be 
very similar. It can be noticed, however, that the simulated accelerance curve rises slightly between 
3 and 5 kHz, whereas the measured response remains almost constant. At present, we cannot decide 
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Two different "standard" plucks were designed, corresponding to typical situations as measured 
on the monochord. In both cases, the plucking force initially increased smoothly, balancing the i n -  
creasing restoring force from the string. Then the force remained constant during a short time 
(standard pluck A, see Fig. 6c), or decreased slightly (standard pluck B, not shown) before the 
string was released almost instantly. As the model aims at including transitions between successive 
tones, it is necessary to deal with forces, and not initial displacements, as starting conditions. In 
other words, the model must be able to compute the vibrations of a string which is not at rest at the 
time of plucking. It could be noticed that these models of a pluck is far from those described in 
textbooks. 

Measured and synthesized string waveforms created by standard pluck A can be compared in 
Fig. 4. The similarity of the two waveforms is restricted to the general features. However, the syn- 
thesized waveform (Fig. 4b) was not computed with exactly the same physical parameters as for the 
actual string in Fig. 4a, and for this reason, the two waveforms cannot be compared in detail. 

3.1.4. Waveforms of the plucked guitar string. 

The waveforms of a vibrating guitar string can be measured by several alternative methods. The 
vibrations of a string of solid metal or a metal wound string, can be measured fairly easy by an 
electrodynamic method in which a concentrated magnetic field is applied perpendicular to the 
string. A voltage is generated across the string, proportional to the transversal string velocity at the 
point of the magnet. 

TIME 

TIME 

Fig. 4. Transversal string forces at one string termination showing on a 
monochord two successive plucks: a )  measured, 6) computed (with slightly 
di'erent parameters ihan for the string in a).  Tone duration 250 ms. 

Measured and synthesized waveforms of a guitar string can be compared in Fig. 5. On the 
whole, there is a good agreement between the measured and the numerically obtained waveforms. 
Several interesting observations can be made. 

(1) The progressive "deformation" of the velocity waveform between peaks (see Fig. 5a) is 
mainly due to the response of the guitar body. The influence is more clearly visible in the 
measurements (Fig. 5a) than in the synthesized velocity curve (Fig. 5c). 

(2) The typical envelope of the acceleration of the bridge with a slow build-up (Fig. 5b) is 
mainly due to the interaction of the string with the first top-plate resonance (193 Hz). The 
synthesis reproduces this feature very well (Fig. 5d). The modeling also accounts for the 
small ripples that are present in the measured signal, however, with a slight shift in time. 
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(3) Synthesized waveforms of the displacement at the plucking point and the driving force at 
the bridge (not shown) give further evidence for string-body interaction. The first periods of 
the string displacement, as well as the bridge force, are very similar to the textbook case. 
Later, the waveform grows more complex, as each new generation of the waves returning 
from the bridge becomes more and more "distorted" by its motion. 

(4) The initial pluck is filtered out almost completely in the bridge acceleration signal (Figs. 5c 
and 5d) and in the air motion through the sound hole (cf. Fig. 6d). This results from a high- 
pass filtering of the pluck by the first Helmholtz-resonance (AO) at about 90 Hz. The initial 
pluck can be considered as a signal of very low frequency with the steep slope at the release 
as the major exciting component for audible components. 

0 50 135 

TlldE (ms) 

TlldE lmsl 

Fig. 5. Measured and computed waveforms* for the guitar (standard pluck B )  
a )  measured string velocity 1 cm from the bridge, D-string, 
6 )  measured bridge acceleration (between the G and D-string), 
C )  computed string velocity corresponding to (a ) ,  
d )  computed bridge acceleration corresponding to (b). 

The small influence of the details of the plucking is further demonstrated in Fig. 6, using another 
pluck (standard pluck A). Both string velocity and bridge acceleration remain unchanged, despite 
time history of the finger force was quite different in this pluck. Only the string displacement and 
string force were somewhat affected. By listening, it was not possible to detect any differences 
between the tones produced by these two different plucks. 

3.2. The piano and the struck string 

The discrete model was also adapted to the case of the struck string. Typical waveforms of the 
string motion in pianos have been measured previously and were compared with the synthesized 
waveforms. In the numerical experiments, the hammer was modeled with a nonlinear compliance 
which is essential in order to obtain realistic waveforms (Hall, 1990). The soundboard was not in- 
cluded in the model. 

*In the simulation the string was divided into 60 segments. The velocity was computed at one segment from thc 
bridge. The top plate was loaded by the air and the plate was modeled with nine eigenmodes between 0 and 1 kHz. 
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PLUCKING POINT 

PLUCKING POINT 

0 50 100 

TIME (ms) 

Fig. 6. Computed waveforms (the same tone as in Fig. 5 but with a different pluck, standard pluck A). 
a )  String displacement at the plucking point, 
b) String force at the bridge, 
c )  Finger force (standard pluck A), 
d )  Air acceleration through the sound hole. 

3.2.1. Normal hammers 
The motions of piano strings have previously been recorded using an electrodynamic method 
(Askenfelt & Jansson, 1988; 1990). Measurements from this study can be compared with synthe- 
sized waveforms from the discrete model (see Figs. 7 and 8). The figures show string displacement 
and velocity on both sides of the hammer, towards the bridge and the agraffe, respectively. Also in 
this case the modeling reflects the major features of the real signal. Only when compared in details, 
small differences can be found. 

The discrete model also makes it possible to compute the displacement and velocity at the strik- 
ing point. In addition, the interaction force between hammer and string can be computed, as well as 
the vibratory force acting on the bridge. 

The hammer-string force was found to consist of one major hump with three smaller pulses su- 
perimposed (see Fig. 7g). A similar force history has previously been inferred from measurements 
of the retardation of the hammer head (mass center) during the collision with the string (Askenfelt 
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& Jansson, 1988). The superimposed rapid pulses are due to reflections on the short string length 
between hammer and agraffe, occurring during string contact. It has been shown that these pulses 
are one of the major mechanisms of hammer release (Hall, 1986; 1990). 

I 
STRIKING 

I 

(5 5 10 0 5 10 

TIME (ms) TIlvlE (rns) 

Fig. 7. Computed waveforms of a piano string C4 (262 Hz) :  
a)  String displacement on the bridge side (40 mmfrom the hammer), 
b )  String velocity on the bridge side, 
c)  String displacement on the agraffe side (40 mmfrom the hammer), 
d)  String velocity on the agraffe side, 
e )  String displacement (mm) at the contact point, 
f) String velocity at the contact point, 
g) Force between hammer and string, 
h)  Force at the bridge. 
These tones were obtained for an initial hammer velocity of 2.5 mls.* 

The hammer-string force was found to consist of one major hump with three smaller pulses su- 
perimposed (see Fig. 7g). A similar force history has previously been inferred from measurements 
of the retardation of the hammer head (mass center) during the collision with the string (Askenfelt 
& Jansson, 1988). The superimposed rapid pulses are due to reflections on the short string length 
between hammer and agraffe, occurring during string contact. It has been shown that these pulses 
are one of the major mechanisms of hammer release (Hall, 1986; 1990). 

The bridge force (Fig. 7h) is similar to the initial velocity pulse at the position of the hammer 
(Fig. 7f), repeated periodically, a result in line with theory (Hall, 1987). The similarity between 
synthesized and measured waveforms is further demonstrated in Figs. 9 and 10, displaying the 
string velocities of the notes C7, C4, and C2, respectively. The corresponding computed hammer- 
string interaction forces are displayed in Fig. 11. The computed and measured contact durations 
show a very good agreement, within 10%. 

It can be seen in Fig. 11 that the reflexions from the agraffe have less influence on the interact- 
ing force in the treble than in the bass. In the treble (C7), where the hammer is relatively heavy 
compared to the strings, the interaction force is described by a single pulse. In the mid-range (C4), 
where the hammer mass approximately equals the string mass, three agraffe pulses have "distorted" 

9 
*The compression of the hammer felt was assumed to obey a power law of the form F=KF' with K=4.5.10 and 
p=2.5. The string was divided into 61 elements. The tension of the string (T) was 670 N, and the striking position (x,) 

was 0.131 L. The hammer mass (m) was 8.9 g. 
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the force pulse. In the bass (C2), the hammer has left the string without the assistance of agraffe re- 
flexions, and an indication of multiple contacts can be observed. A multiple contact is obtained 
when a returning agraffe pulse catches up with the rebounding hammer. 

3.2.2. Influence of hammer properties and dynamic level 
In order to evaluate the influence of the hammer properties on the string waveform, the note C4 
was struck with three different hammers, C2, C4, C7 in the previous measurements (see Askenfelt 
& Jansson, 1988). The measurements showed that the detailed history of the string waveform dif- 
fered considerably - from a peaky curve with the light hammer (C7), indicating a large high-fre- 
quency content, to a smoothened curve for the heavy hammer (C2). Also the contact durations were 
influenced, but not as pronounced. 

The same trend was observed also in the simulated waveforms. The calculated hammer-string 
interaction forces (Fig. 12) show one hump with three superimposed pulses from the agraffe re- 
flexions - three distinctive pulses for the light treble hammer compared to three hardly visible 
pulses for the heavy bass hammer. 

The influence of the dynamic level on the string waveform and spectrum has also been measured 
previously. As the amplitude of the string motion increased with rising dynamic level, an increased 
"peakedness" of the waveform was observed. This change in waveform, which is reflected in the 
spectra as an increasing high-frequency content with rising level, is caused by the nonlinear stiff- 
ness of the felt hammer. The non-linear stiffness narrows the force pulse as the level is increased, 
clearly illustrated in the calculated waveforms in Fig. 13. The measured spectra extended to about 2 
kHz at piano, compared to 10 kHz at fortissimo. Very similar results were obtained for the calcu- 
lated spectra (see Fig. 14), except for a minor lack of partials above 8 kHz atfl. 

0 5 10 

TlME (rns) 

b , I  I - -  .,-j -#--,-....--- --.- .--.- J 

3 3 nis 
16 

TlME (ms) 

Fig. 8. Measured waveforms of a real piano 
string, C4 (Askenfelt & Jansson, 19861): 
a)  String displacement on the bridge side 
(40 mm from the hammer), 
6 )  String velocity on the bridge side (40 
mmfrom the hammer), 
c) String displacement on the agrafle 
side. (40 mm from the hammer), 
d)  String velocity at the agraffe side. 
Also shown is the measured hammer- 
string contact time. 

Fig. 9. Measured string velocities of a piano 
string (mf, bridge side): 
a )  C7 (2093 Hz), 
b)  C4 (262 Hz), 
c)  C2 (65 Hz). The velocity scale is 
arbitrary. 
Also shown is the measured hammer- 
string contact time. 
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Fig. 10. Computed string velocities corresponding to the three cases in Fig. 11. 
Initial hammer velocity 2.5 mls: 
a )  C7 Hammer parameters K=l.012, p=3.0, and m=6.6 g ,  

b )  C4 K=4.5 .lo? pp2.5, and m=8.9 g, 

c )  C2 K=4.0.108, p=2.3, and m=9.8 g .  

Fig. 11. Computed hammer forces: a )  C7 computed contact time 0.6 ins, 
b)  C4 2.1 ms, c )  C2 3.1 ms. 

3.3 The violin and the bowed string 

For the bowed string, a discrete model of the excitation - the bow-string interaction - had to be de- 
veloped. Without being completely successful, important insights were still gained from the imple- 
mentation. 
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As mentioned, the Helmholtz motion of the bowed string is assumed to be described by a dy- 
r~amical friction characteristic between bow and string (featuring a higher frictional force the lower 
the relative velocity) and a triggering mechanism switching between two states, slip and stick, re- 
spectively. 

A frictional curve was modelled as well as some different conditions for switching between slip- 
stick and stick-slip, respectively. Although the model not was completely stable at its present stage 
of development, it was found that the details of the friction curve was less critical than the switch- 
ing conditions. 

Fig. 12. Computed hammer force for C4 strings played with three different hammers: 
a )  C7 hammer, b )  C4 hammer, c) C2 hammer. 

Fig. 13. Computed interaction force between hammer and string for C4 at three dynamic levels, 
p-mf-f, corresponding to initial hammer velocities of 0.5, 1.5, and 3.2 mls respectively. 
Absolute values (left column) and normalized to peak value (right column). 

4. CONCLUSIONS 

A physical model of the string using discrete methods has been compared with measurements on 
real instruments. The model was found to perform satisfactorily for a plucked string, and could eas- 
ily be extended to non-rigid boundary conditions (instrument body with resonances). The model 
showed that the dominating peaks of the input accelerance curve influence the string motion as well 
as the perceived tonal quality. 
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Also, when modeling the struck string, realistic waveforms were obtained, close to those mea- 
sured. This applied both for normal conditions at different pitches and dynamic levels, as well as 
for unusual combinations of hammer and string parameters (shifted hammers). 

A development of a discrete model for the bowed string has been initiated. The present experi- 
ments indicate, despite of numerical stability difficulties, that the conditions for switching between 
slip-stick and stick-slip are more important than the details of the dynamic frictional characteristic 
between bow and string. 
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Fig. 14. Computed string spectra for C4 at three dynamic levels, p-mff, 
corresponding to initial hammer velocities of 0.5, 1.5, and 3.2 mls, 
respectively. 

References 

Alonso Moral, J. & Jansson, E. (1982): "Eigenmodes, input admittance and the function of the violin," Acustica 50, 
pp. 329-337. 

Askenfelt, A. (1989): "Properties of piano hammers," JAcoust.Soc.Am. 85, Suppl. 1. X8. 

Askenfelt, A. & Jansson, E. (1988): "From touch to string vibrations -- The initial course of the piano tone," STL- 
QPSR NO. 1, pp. 31-109. 

Askenfelt, A. & Jansson, E. (1990): "From touch to string vibrations," pp. 39-57 in (A. Askenfelt, ed.) The Acoustics 
of the Piano, Royal Swedish Academy of Music, No. 64, Stockholm. 

Boutillon, X. (1988): "Model for piano hammers: Experimental determination and digital simulation," 
J.Acoust.Soc.Am. 83, pp. 746-754. 





STL-QPSR 4/1990 

Appendix 1. List of variables 

a,-a, coefficients in the discrete wave 
equation 

A, mode amplitude 

b, coefficient in the continuous wave 
equation 

b, coefficient in the continuous wave 
equation 

c transverse wave velocity of string 

C, sound velocity in wood (perpendicular 
to the grain) 

C~ sound velocity in wood (parallel to the 
grain) 

d suing diameter 
E Young's modulus 
f(x,t) force (continuous) 
F(n) excitation force (discrete) 
FH max frictional force 
FR frictional force 
F(t) excitation force (continuous) 
g(x,xo) spatial window 
h plate thickness 
1 spatial index 
K coefficient of hammer stiffness 
KO modal stiffness 
L string length 

I0 characteristic length 1, =  EL^ 
m hammer mass 
m, string mass 

modal mass 
time index 
number of string segments = L/Ax 
stiffness nonlinear exponent 
mode quality factor 
sampling parameter cAt/Ax 
modal damping 
plate area 
time 
string tension 
bow velocity 
initial hammer velocity 
point of excitation 
transverse displacement of string 
(discrete) = y(iAx,nAt) 
transverse displacement of string 
(continuous) 

length of string segment 
time step 
spatial step 
string stiffness parameter 
hammer displacement 
mass per unit length of the string 
string decay time 
angular frequency 
mode frequency 
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Appendix 2. Coefficients of the recurrence equation for the string 

where 

At n d4 E 
r = c -  

Ax 
and E = 32 L2 T 

b, and b3 are defined in Eq.(3) 


