
Dept. for Speech, Music and Hearing

Quarterly Progress and
Status Report

Signal representation and
estimation of spectral

parameters by inharmonic
comb filters

Galembo, A. and Askenfelt, A.

journal: STL-QPSR
volume: 35
number: 4
year: 1994
pages: 085-094

http://www.speech.kth.se/qpsr

http://www.speech.kth.se
http://www.speech.kth.se/qpsr




STL-QPSR 411994 

Signal representation and estimation of spectral 
parameters by inharmonic comb filters1 
Alexander ~ a l e m b o ~  and Anders Askenfeh 

Abstract 
A method for signal representation in the frequency domain is described which is convenient 
to use when a relation between the partial@equencies and the properties of the signal source 
and transmission media are ofprimary interest. An application of the method is presented in 
which musical signals are visualised in a new way, allowing for an automatic measurement of 
pitch and inharmonicity. Possible directions for further development and some interesting 
application areas are discussed. 

Introduction 
Signal analysis becomes considerably easier if an adequate representation of the signal 
is used, which puts the parameters of primary interest in "the first line." The traditional 
oscilloscope display presents a time-domain representation, which is excellent for 
waveform investigation, while the frequency content is hidden information in this 
representation. Spectrum analysis reveals the presence of partials and non-periodic 
components such as noise, and cepstrum analysis shows detailed information about the 
harmonic content in the spectrum. Spectral dynamics require sonagrams or water-fall 
displays to condense the information in a convenient representation. The method 
presented here was designed for investigations of inharrnonicity in piano sounds and 
its perceptual correlate "pitch strength," but it seems that the approach may have 
advantages in other applications as well. 

Method 
The method is based on the use of an inharmonic combfilter, which can be described 
as a multi-band filter in which the center frequencies are not equidistant, but spaced 
according to a hnction. The special case of the traditional comb filter with equidistant 
spacing is in this context referred to as a harmonic comb filter. 

Let us suppose that the frequencies f, of the partials of a signal are defined by a 
known function @ 

f, = @ (n, H,, Hz,  H3, ... Hk) ( 1 )  

where n denotes partial number, and HI  through Hk are coefficients describing the 
influence of source properties and dispersion factors on the partial frequencies. By 
applying an adjustable inharmonic comb filter in which the center frequencies cp, of the 
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Calculation of spectrum up to 4 kHz. 

Modelling of the inharmonic comb filter with typically 30 pass bands with 
frequency limits set by cpk (1  + 6) where 

q ,  = k q ,  ( I +  k2b)" (4) 
6 is a bandwidth parameter, typically 10 %. 

Application of the filter to the signal and measurement of the sum of the output of 
all pass bands as cpo and b are varied in the ranges of interest (20 - 200 Hz in 
fundamental frequency, and 0 - 0.001 in inharmonicity coefficient). The coordi- 
nates of cp ,  and b for maximum output are the estimated values of f, and B, 
respectively. 

Signals 

Five bass notes from four pianos with different amount of inharmonicity were 
investigated. The instruments included two grand pianos with low inharmonicity 
(Steinway D, 9-R, and Steinway C, 7%-R), and two upright pianos with higher 
inharmonicity (Nordiska I, and Straud). The fundamental frequency and inharmonicity 
coefficient of all notes were first measured by the traditional manual procedure, using 
a spectrum analyser with high resolution zoom option. The measured partial 
frequencies were matched to Eq. 3 by the method of least squares (see Table 1). In 
addition, synthesised signals including 30 partials of equal amplitudes and with partial 
frequencies according to Eq. 3 were compiled, covering the same ranges of funda- 
mental frequencies and inharrnonicity coefficients as the real piano tones. 

Table I .  Fundamental fiequencies and inharmonicity coeflcients for Jive piano tones @om 
four pianos obtained by traditional manual procedure and parabolic least squares Jit 
(Manual), and the inharmonic comb Jilter analysis (Comb). The comb Jilter inharmonicity 
coeficients are given by the last three digits only. 

Fundamental frequency (Hz) 

Inharmonicity coefficient 
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Results 
A three-dimensional plot of the analysis of a synthesised note is shown in Fig. l(a). 
The high peak in the output of the inharmonic comb filter is found at coordinates 
identical to the values of the synthesising parameters (f, = 27.00 Hz, B = 0.000 161). 
Viewing the plot in the direction of the frequency axis gives a better indication of the 
resolution in B (see Fig. lb). Equally promising results were obtained for other 
synthesised notes, which indicates that the method is performing satisfactorily. 
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Fig. 1. Inharmonic comb spectrum analysis of a synthesised tone with 30partials of equal 
amplitude (synthesis parameters were& = 2 7.00 Hz, B = 0.000 161). 
(a) Overview of the filter output in the variation ranges of & and B. Vertical scale units are 
arbitrary. 
(3) View over the inharmonicity range, showing sensitivity to variations in B. 

The analysis of a tone from a real piano with low inharmonicity is shown in Fig. 2 
(a). A comparison with the results of the manual measurement procedure shows very 
good agreement, fo = 27.571 27.25 Hz, B = 0.000 161 0.000 16, where numbers in 
italics denote inharmonic comb filter results. Again, a two-dimensional display of the 
filter output gives an indication of the sensitivity in the estimation of B (see Fig. 2 b). 

The corresponding plot of the same note but played on a piano with high 
inharmonicity is shown in Fig. 3. Although the definition of the peak is much lower 
than in Fig. 2 (b), the obtained values are in close agreement with the manually 
measured data, f ,  = 26.53/ 26.54 Hz, and B = 0.000 5741 0.000 568. Further com- 
parisons between the comb filter algorithm and the manual measurements of real piano 
tones showed that the agreement was very satisfactory (see Table 1, further discussed 
below). 
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Fig. 2. Inharmonic comb spectrum analysis of a piano bass tone with low inharmonicity 
(Steinway D, A d .  
(a) Overview of the filter output in the variation ranges of f ,  and B. The coordinates of 
maximum output are& = 27.24 Hz and B = 0000 161. Vertical scale units are arbitrary. 
(6) View over the inharmonicity range, showing sensitivity to variations in B. 
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Fig. 3. Inharmonic comb spectrum 
analysis of a piano bass tone with high 
inharmonicity (Straud, A d .  View over 
the inharmonicity range, showing sensi- 
tivity to variations in B. Vertical scale 
units are arbitrary. The coordinates of 
maximum output were& = 26.53 Hz and 
B = 0.000 5 74. 

The resolution in fundamental frequency and inharmonicity coefficient is dependent on 
the number of steps in the calculations. Using a linear scale, a resolution of 1 % at the 
lower end of the fundamental frequency range (f, = 20 Hz) requires a division of the 
interval 20 - 200 Hz in 900 steps. The same precision for the minimum inharmonicity 
coefficient (which is about B = 0.000 06 for bass strings) in a variation range between 
0 and 0.001 corresponds to about 1700 steps along the inharmonicity scale. All 
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together this gives about 1 500 000 combinations to evaluate. Keeping the relative 1 
precision constant throughout the ranges by using logarithmic scales decreases the 
number of computations by a factor 20, approximately. A shortcut method for finding 
the global extreme value, like the minimum descent method, is hazardous to apply 
because of the presence of a number of sharp peaks. 

If an overview plot of the parameter space is not needed, a more economical way of 
arriving at the estimations of f ,  and B is possible. In a three-step procedure, an 
approximate value off, is first obtained. This is followed in a second step by a more 
precise estimation o f f ,  by variation over a much smaller range. At the same time, a 
rough estimation of B is made by variation over its full range. Finally, both& and B are 
varied over narrow ranges around their expected values to achieve a close 
measurement. These results are then interpolated according to 

where fEO is the result after the final third step in the calculations, Af is the variation 
interval in frequency, and Ek are the comb filter outputs at adjacent points (see Fig. 4). 
The same interpolation is used for precise estimation of B. I 

Applying this method to the synthesised sounds with known values off, and B gave 
a maximum measurement error less than 0.1 Hz (< 0.1%) in fundamental frequency, 
and less than 0.000 001 (< 1.5% ) in inharrnonicity coefficient. 

For the real piano tones, a comparison between the results from the algorithm and 
the manual procedure showed that the disagreement between the two methods in 
fundamental frequency was negligible, 0.2 Hz at a maximum (< 0.3 %), see Table 1. 
As for the inharrnonicity coefficient, the discrepancy was higher, reaching a maximum 
of about 0.000 02 (< 10 %), see Fig. 5. There was no apparent systematic pattern in the 
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Fig. 5. Comparison of 
eficients for five piano 

inharmonicity co- 
tones (A, w 2 7 Hz, 

Fig. 4. Schematic illustration of interpolation El w 41 Hz, A,  = 55 Hz, E2 w 82 Hz, and 

according to Eq. 5. AZ I I0 Hz) @om four pianos obtained by 
traditional manual procedure with parabolic 
least squares fit (unfilled), and the inhar- 
monic comb filter analysis (shaded). 
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deviations, neither between notes nor instruments. The high precision in the 
measurements of the synthetic sounds by the inharmonic comb filter makes it 
reasonable to attribute the disagreement in B mainly to errors made in the manual 
procedure. A rigorous estimation of the measurement error in this procedure would be 
* 0.000 0 1, which explains most of discrepancies. 

The ultimate precision in the estimation of f ,  and B seems normally not to be 
limited by the precision in the computations, but mainly by how well the partial 
frequencies in the real spectra are described by Eq. 3.  The resolution of the inharmonic 
comb filter algorithm can be increased to the desired level at the expense of 
computational efficiency. 

Applications and improvements 
An analysis of spectra by inharmonic comb filter seems to open new possibilities in 
several applications. An implementation of the algorithm in a computer environment 
which allows real time processing will make some of these applications particularly 
attractive. Examples of applications which can gain from the inharmonic comb filter 
method include: 

An analysis by inharmonic comb filter gives a convenient possibility of testing 
hypotheses on a mathematical relation between the partial frequencies and 
properties of the signal source and transmission media, such as dispersion factors. 
We have demonstrated this opportunity by measuring fundamental frequencies and 
inharmonicity coefficients of piano tones. 

A possibility of simultaneous measurement of several parameters which influence 
the partial frequencies in a systematic way. In principle, the method can be used to 
separate the influence of the string and soundboard properties, respectively, on the 
inharmonicity of piano or guitar sounds. Such a decomposition requires an 
analytical expression for the influence of the soundboard termination. For the piano, 
one solution is available in the literature (Rimski-Korsakov, 1952). 

? 

An opportunity for systematic investigations of the influence of inharmonicity on 
timbre. It is well known that perception of inharmonic sound depends not only on 
the value of the inharmonicity coefficient, but also on the number and strength of 
overtones in the spectrum (Volodin, 1965). For example, the inharmonicity 
coefficient in the piano treble is considerably higher than in the bass, but as the 
treble notes contain only a few overtones, inharmonicity is not an important 
perceptual factor in this range. Weighting coefficients for partials of different orders 
can easily be introduced in the proposed algorithm, which makes the method 
suitable for such investigations. 

A possibility to improve the performance of pitch extraction algorithms for complex 
sounds. Several of these algorithms are based on an analysis of harmonic relations 
between spectral components with certain weighting coefficients applied to different 
overtones and harmonic relations. The well-known algorithm by Terhardt is 
designed in this manner (Terhardt, 1979). The comb filter analysis can assist by 
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providing automated input of the partial frequencies and amplitudes. More 
imaginatively, the inharmonic analysis option might offer a possibility to extend the 
capacity of these algorithms to inharmonic sounds by warping the inharmonic 
partials to a harmonic series. Although it would require additional knowledge about 
our perception of inharmonic sounds, the obtained value of B might then serve as a 
convenient input of the degree of inharmonicity in spectra. 

It is worth mentioning that an error in fundamental frequency by an octave - a 
common mistake in pitch tracking - can rarely occur with the inharmonic comb filter. 
The match of the filter bands to the higher partials is strongly dependent on a correct 
value of the partial number n, which puts strict limitations on the fundamental 
frequency. 

For nearly harmonic spectra with an increased risk of octave errors, the problem can 
be avoided by looking for the maximum in the filter output, averaged over the number 
of filter bands. The number of filter bands should be about equal to the number of 
prominent partials. If the fundamental frequency is now taken as half its correct value, 
the average will be lowered because every second band will be empty. In the opposite 
case, with a hndamental twice the correct value, only the lower filter bands will be I 
occupied by a partial, while the bands in the upper half of the frequency range are 
empty. In both cases the averaged output will be lower than for the correct 
fundamental frequency. 

An alternative version of the basic idea could be imagined, coined as inharmonic 
spectrum sampling, in which the spectral data are collected by sampling the spectrum 
at frequencies according to Eq. 3, while suppressing all other spectral lines. In this 
way, the spectral peaks are sharpened drastically, which improves the resolution in 
inharrnonicity coefficient. The spectral samples could also be normalised to the same 
amplitude, which can further improve the resolution for spectra with weak higher 
partials. 

Besides the examples given above, the inharmonic comb filter method seems to be 
general enough to be useful for applications in several fields other than musical 
acoustics. 
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