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5(6<17+(6,6�2)�)$&,$/�$1'�
,175$25$/�$57,&8/$7,21�)520�
6,08/7$1(286�0($685(0(176�
-RQDV�%HVNRZ��2ORY�(QJZDOO�DQG�%M|UQ�*UDQVWU|P��
�
&HQWUH�IRU�6SHHFK�7HFKQRORJ\��.7+��6(��������6WRFNKROP��6ZHGHQ�

$%675$&7�
6LPXOWDQHRXV� PHDVXUHPHQWV� RI� WRQJXH� DQG� IDFLDO� PRWLRQ�� XVLQJ� D� FRPELQDWLRQ� RI�
HOHFWURPDJQHWLF�DUWLFXORJUDSK\��(0$��DQG�RSWLFDO�PRWLRQ�WUDFNLQJ��DUH�DQDO\VHG�WR�LPSURYH�
WKH�DUWLFXODWLRQ�RI�DQ�DQLPDWHG�WDONLQJ�KHDG�DQG�WR�LQYHVWLJDWH�WKH�FRUUHODWLRQ�EHWZHHQ�IDFLDO�
DQG�YRFDO�WUDFW�PRYHPHQW��7KH�UHFRUGHG�PDWHULDO�FRQVLVWV�RI�9&9�DQG�&9&�ZRUGV�DQG�����
VKRUW� HYHU\GD\� VHQWHQFHV� VSRNHQ� E\� RQH� 6ZHGLVK� VXEMHFW�� 7KH� UHFRUGHG� DUWLFXODWRU\�
PRYHPHQWV� DUH� UH�V\QWKHVLVHG� E\� D� SDUDPHWULFDOO\� FRQWUROOHG� �'� PRGHO� RI� WKH� IDFH� DQG�
WRQJXH��XVLQJ�D�SURFHGXUH� LQYROYLQJ�PLQLPLVDWLRQ�RI� WKH�HUURU�EHWZHHQ�PHDVXUHPHQW�DQG�
PRGHO��8VLQJ�OLQHDU�HVWLPDWRUV�� WRQJXH�GDWD� LV�SUHGLFWHG�IURP�WKH�IDFH�DQG�YLFH�YHUVD��DQG�
WKH�FRUUHODWLRQ�EHWZHHQ�PHDVXUHPHQW�DQG�SUHGLFWLRQ�LV�FRPSXWHG��

���,1752'8&7,21�
,Q� RXU� ZRUN� RQ� WKUHH�GLPHQVLRQDO�PRGHOV� IRU� DUWLFXODWRU\� DQG� YLVXDO� VSHHFK� V\QWKHVLV� DW�
.7+��ZH�KDYH�H[SORLWHG�VHYHUDO�NLQGV�RI�GDWD�VRXUFHV��)RU�WKH�H[WHUQDOO\�YLVLEOH�DUWLFXODWRUV�
DQG�WKH�IDFLDO�VXUIDFH��ZH�KDYH�XVHG�RSWLFDO�PRWLRQ�WUDFNLQJ��)RU�PRGHOOLQJ�RI�WKH�WRQJXH�
DQG� LQWHUQDO� YRFDO� WUDFW�� WKUHH�GLPHQVLRQDO� GDWD� IURP�PDJQHWLF� UHVRQDQFH� LPDJLQJ� �05,��
DQG� NLQHPDWLF� GDWD� IURP� HOHFWURSDODWRJUDSK\� �(3*�� DQG� HOHFWURPDJQHWLF� DUWLFXORJUDSK\�
�(0$�� KDYH� EHHQ� XVHG� >�@��:KLOH� HDFK� RI� WKHVH�PHWKRGV� LQ� LVRODWLRQ� FDQ� SURYLGH� XVHIXO�
LQIRUPDWLRQ��QRQH�\LHOGV�FRPSOHWH��'�GDWD�ZLWK�JRRG�WHPSRUDO�UHVROXWLRQ��DQG�WKH\�KHQFH�
QHHG�WR�EH�FRPELQHG��7KLV�SDSHU�UHSRUWV�RQ�VLPXOWDQHRXV�PHDVXUHPHQWV�RI�YRFDO�WUDFW�DQG�
IDFLDO�PRWLRQ� XVLQJ� (0$� DQG� RSWLFDO�PRWLRQ� WUDFNLQJ�� 7KH� GDWD� LV� XVHG� WR� LPSURYH� DQG�
H[WHQG�WKH�DUWLFXODWLRQ�RI�DQ�DQLPDWHG�WDONLQJ�KHDG���

���35(9,286�678',(6�
7KH�VWXG\�GLIIHUV�IURP�SUHYLRXV�UHODWHG�VWXGLHV�DV�LW�XVHV�VLPXOWDQHRXV�UHFRUGLQJV�RI�D�ODUJH�
VHW� RI� VHQWHQFHV�� <HKLD� HW� DO�� >�@� XVHG� QRQ�VLPXOWDQHRXV� UHFRUGLQJV� ZLWK� 2SWRWUDFN� DQG�
(0$�RI�WZR�(QJOLVK�DQG�VL[�-DSDQHVH�VHQWHQFHV�WR�GHULYH�TXDQWLWDWLYH�DVVRFLDWLRQ�EHWZHHQ�
WKH�WZR�GDWD�VHWV��-LDQJ�HW�DO��>�@�FROOHFWHG�WKH�GDWD�VLPXOWDQHRXVO\��XVLQJ�4XDOLV\V�DQG�(0$��
EXW� IRU� &9� V\OODEOHV� RQO\� DQG� XVLQJ� ���4XDOLV\V�PDUNHUV�� %DLOO\�	�%DGLQ� >�@� VWXGLHG� WKH�
FRUUHODWLRQ� EHWZHHQ� IDFLDO� DQG� WRQJXH� PRYHPHQWV� XVLQJ� DQ� DUWLFXODWRU\� PRGHO� EDVHG� RQ�
YLGHR�DQG�FLQHRUDGLRJUDSKLF�UHFRUGLQJV��$OO�WKUHH�VWXGLHV�FRQFOXGHG�WKDW�LQIRUPDWLRQ�IURP�
WKH�IDFH�VXSSOLHV� LQIRUPDWLRQ�RQ� WKH�DUWLFXODWLRQ�RI�WKH�VSHHFK�RUJDQV��EXW�%DLOO\�	�%DGLQ�
ZDUQHG� WKDW� WKH� LQIRUPDWLRQ� LV� LQVXIILFLHQW� WR� UHFRYHU� WKH� OLQJXDO� FRQVWULFWLRQ�� 7KH�PRVW�
LPSRUWDQW� GLIIHUHQFH� LV� WKDW� QRQH� RI� WKHVH� VWXGLHV� DLP� GLUHFWO\� DW� DSSO\LQJ� WKH� UHVXOWV� WR�
DUWLFXODWRU\�VSHHFK�V\QWKHVLV�RI�WKH�IDFH��MDZ�DQG�WKH�HQWLUH�WRQJXH��
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����)DFH�DQG�WRQJXH�PRGHOV�
7KH�IDFH�DQG�WRQJXH�PRGHOV�DUH�EDVHG�RQ�FRQFHSWV�>�@�ILUVW�LQWURGXFHG�E\�3DUNH�>�@�GHILQLQJ�
D� VHW� RI� SDUDPHWHUV� WKDW� GHIRUP� D� VWDWLF� �'�ZLUHIUDPH� PHVK� E\� DSSO\LQJ� ZHLJKWHG�
WUDQVIRUPDWLRQV�WR�LWV�YHUWLFHV��7KH�SDUDPHWHUV�IRU�WKH�IDFH�DUH�MDZ�RSHQLQJ��MDZ�VKLIW��MDZ�WKUXVW��
OLS�URXQGLQJ��XSSHU� OLS�UDLVH�� ORZHU� OLS�GHSUHVVLRQ��XSSHU� OLS�UHWUDFWLRQ�DQG� ORZHU� OLS�UHWUDFWLRQ��7KH��'�
WRQJXH�PRGHO� LV� EDVHG� RQ� D� WKUHH�GLPHQVLRQDO�05,� GDWDEDVH� RI� RQH� UHIHUHQFH� VXEMHFW� RI�
6ZHGLVK� >�@�� 7KH� FRUSXV� FRQVLVWHG� RI� ��� 6ZHGLVK� YRZHOV� DQG� ��� FRQVRQDQWV� LQ� WKUHH�
V\PPHWULF� 9&9� FRQWH[WV�� $V� WKH� DFTXLVLWLRQ� WLPH� RI� ��� VHFRQGV� UHTXLUHG� WKH� VXEMHFW� WR�
DUWLILFLDOO\� VXVWDLQ� WKH� DUWLFXODWLRQV�� (3*� DQG� (0$� GDWD� KDV� EHHQ� XVHG� WR� DGMXVW� WKH�
DUWLFXODWLRQV� WR� QRUPDO� DQG� WR� REWDLQ� LQIRUPDWLRQ� RQ� DUWLFXODWRU\� G\QDPLFV�� 7KH� WRQJXH�
SDUDPHWHUV�LQFOXGH�GRUVXP�UDLVH��ERG\�UDLVH��WLS�UDLVH�DQG�WLS�DGYDQFH���
����0HDVXUHPHQW�VHWXS�
7KH�(0$�GDWD�LV�FROOHFWHG�ZLWK�WKH�0RYHWUDFN�V\VWHP�>�@��XVLQJ�WZR�WUDQVPLWWHUV�RQ�D�OLJKW�
ZHLJKW�KHDG�PRXQW�DQG�VL[�UHFHLYHU�FRLOV�����[��PP��SRVLWLRQHG�LQ�WKH�PLGVDJLWWDO�SODQH�DV�
GHSLFWHG�LQ�ILJXUH����WKUHH�FRLOV�RQ�WKH�WRQJXH��DURXQG���PP�����PP�DQG����PP�IURP�WKH�
WLS�RI�WKH�WRQJXH��DQG�WZR�FRLOV�DERYH�DQG�EHORZ�WKH�XSSHU�DQG�ORZHU�LQFLVRUV�UHVSHFWLYHO\��
2QH�FRLO�ZDV�SODFHG�RQ�WKH�XSSHU�OLS�IRU�FR�UHJLVWUDWLRQ�ZLWK�WKH�RSWLFDO�V\VWHP��

7KH� RSWLFDO�PRWLRQ� WUDFNLQJ� LV� GRQH� XVLQJ� D�4XDOLV\V� V\VWHP� >�@�ZLWK� IRXU� FDPHUDV��
7KH� V\VWHP� WUDFNV���� VPDOO� UHIOHFWRUV� ���PP�GLDPHWHU��JOXHG� WR� WKH� VXEMHFW
V� MDZ�� FKHHNV��

� �� �)LJXUH����� 7KH�IDFH�PRGHO��OHIW���WRQJXH�DQG�MDZ�PRGHO��PLGGOH��DQG�WKH�FRPELQHG�PRGHO��ULJKW��

�

��� �)LJXUH������3ODFHPHQW�RI�4XDOLV\V�PDUNHUV��OHIW��DQG�0RYHWUDFN�FRLOV��ULJKW��
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OLSV�� QRVH� DQG� H\HEURZV� DQG� WKH� 0RYHWUDFN� KHDGPRXQW� �WR� VHUYH� DV� UHIHUHQFH� IRU� KHDG�
PRYHPHQWV�� DQG� FDOFXODWHV� WKHLU� �'�FRRUGLQDWHV� DW� D� UDWH� RI� ��� IUDPHV� SHU� VHFRQG�� 7KH�
(0$�FRLOV�RQ�WKH�XSSHU�OLS�DQG�WKH�MDZ�ZHUH�HTXLSSHG�ZLWK�D�UHIOHFWRU��WKH�ODWWHU�GXULQJ�D�
VSHFLDO�DOLJQPHQW�UHFRUGLQJ��WR�DOORZ�IRU�VSDWLDO�DOLJQPHQW�EHWZHHQ�WKH�WZR�GDWD�VHWV��7KH�
GDWD�ZDV� FROOHFWHG� LQ� VHWV� RI� RQH�PLQXWH� HDFK��ZLWK� D�EUHDN� EHWZHHQ� VHWV�� ,Q� WKH� DQDO\VLV�
EHORZ��VLOHQW�SDXVHV�EHWZHHQ�WKH�VSHHFK�VHTXHQFHV�ZHUH�UHPRYHG��
����6XEMHFW�DQG�FRUSRUD�
7KH� VXEMHFW� ZDV� D� IHPDOH� QDWLYH� VSHDNHU� RI� 6ZHGLVK�� ZKR� KDV� UHFHLYHG� KLJK� LQWHOOLJLELOLW\�
UDWLQJV�LQ�DXGLR�YLVXDO�WHVWV��

������6HQWHQFH�FRUSXV�
7KH�����6ZHGLVK�HYHU\GD\�VHQWHQFHV��OLVWHG�LQ�>�@��KDYH�EHHQ�GHYHORSHG�VSHFLDOO\�IRU�DXGLR�
YLVXDO�VSHHFK�SHUFHSWLRQ�WHVWV�E\�*��gKQJUHQ��EDVHG�RQ�>��@��7KH�VHQWHQFHV�DUH�LQGHSHQGHQW�
RI�HDFK�RWKHU�DQG�JHQHUDOO\�VHYHQ�WR�QLQH�V\OODEOHV�ORQJ������ZRUGV���VXFK�DV�´.DWWHQ�OHNWH�PHG�
HWW�Q\VWDQµ��´7KH�FDW�SOD\HG�ZLWK�D�EDOO�RI�ZRROµ���7KH�VHQWHQFHV�ZHUH�DUWLFXODWHG�FOHDUO\��
������1RQVHQVH�9&9�ZRUG�FRUSXV�
7KH�����9&9�DQG�9&&^&`9�ZRUGV�FRQVLVWHG�RI�WKH�FRQVRQDQWV� � ����������� �����
	������ ��������
� ��� � ��������� �
�������������
����� �DQG�WKH�FRQVRQDQW�FOXVWHUV� � � �����!���"��� ����� ����� �
�"� �������������������
�"���������������������	"�����������#�������������#�������#������� ���������#� ���#��� ���#��� � �LQ�V\PPHWULF�YRZHO�FRQWH[W�ZLWK�9 � $
� � � ���
������1RQVHQVH�&9&�ZRUG�FRUSXV�
7KH�FRUSXV�FRQVLVWHG�RI����DV\PPHWULF�& % 9& & �ZRUGV��ZLWK�ILUVWO\�WKH�ORQJ�YRZHOV�9 � '�( ��)"( �
( �+* ( �-,�( � ( �-."( � � LQ�& %  � �#� �� & &  � ��� � DQG�& %  � ��� �� & &  � �#� � FRQWH[W�� VHFRQGO\� WKH� VKRUW� YRZHOV�
9 � � �"$
� ��,�� � ��.�� �LQ�& %  � �#� ��& &  � ��( � �DQG�& %  � ��� ��& &  � ��( � �FRQWH[W��7KH� � � � �DOORSKRQHV�
9 � /0( ��12( ��/0��13� �ZHUH�FROOHFWHG�ZLWK�& %  � �#� �DQG�& &  � � � ��

���'$7$�352&(66,1*�$1'�02'(/�),77,1*��
���� 3UH�SURFHVVLQJ�
7KH�4XDOLV\V�GDWD��FRQVLVWLQJ�RI��'�FRRUGLQDWHV�IRU�DOO����SRLQWV��ZDV�ILUVW�QRUPDOL]HG�ZLWK�
UHVSHFW� WR� JOREDO�PRYHPHQW� XVLQJ� WKH� SRLQWV� RQ� WKH�0RYHWUDFN� IUDPH� DV� UHIHUHQFH�� 7KH�
IDFLDO� PRGHO� ZDV� VFDOHG� DQG� WKH�4XDOLV\V� GDWD� ZDV� URWR�WUDQVODWHG� LQ� VXFK� D� ZD\� WKDW� DQ�
RSWLPDO�ILW�EHWZHHQ�WKH�IDFLDO�VXUIDFH�DQG�WKH�PHDVXUHG�SRLQWV�ZDV�DFKLHYHG��7KH�(0$�GDWD�
ZDV� GRZQ�VDPSOHG� WR� WKH� IUDPH� UDWH� RI� WKH�4XDOLV\V� GDWD�� ���+]�� DQG� LQVHUWHG� LQWR� WKH�
PLGVDJLWWDO� SODQH�RI� WKH�PRGHO��ZKHUH� LW�ZDV� URWR�WUDQVODWHG� WR� DOLJQ� WKH� OLS� DQG� MDZ� FRLOV�
ZLWK�WKH�FRUUHVSRQGLQJ�4XDOLV\V�PDUNHUV��IRUPLQJ�D�FRKHUHQW�GDWD�VHW�RI�H[WUD��DQG�LQWUDRUDO�
PRYHPHQW�GDWD���
����,QQHU�OLS�SRLQW�HVWLPDWLRQ�
,Q� RUGHU� WR� SURGXFH� FRUUHFW� UH�V\QWKHVLV� RI� ODELDO� DUWLFXODWLRQV�� LW� LV� LPSRUWDQW� WR� KDYH�
LQIRUPDWLRQ�DERXW�WKH�LQQHU�OLS�FRQWRXU��+RZHYHU��ODELDO�GDWD�LQ�WKH�FXUUHQW�VHW�LV�OLPLWHG�WR�
SRLQWV� DORQJ� WKH� RXWHU� OLS� FRQWRXU�� 2XU� JHRPHWULFDOO\� EDVHG� IDFH� PRGHO� LV� LQFDSDEOH� RI�
SUHGLFWLQJ� FORVXUH� EDVHG� RQ� WKHVH� RXWHU� SRLQWV� RQO\�� VLQFH� WKH� OLSV� FKDQJH� VKDSH� DQG�
WKLFNQHVV�LQ�D�FRPSOH[�ZD\�IRU�H[DPSOH�GXULQJ�URXQGHG�DQG�SURWUXGHG�DUWLFXODWLRQV��5DWKHU�
WKDQ�WU\LQJ�WR�FDSWXUH�WKHVH�HIIHFWV�LQ�WKH�IDFLDO�PRGHO��WZR�GDWD�SRLQWV�L % �DQG�L & ��VHH�ILJXUH�
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��� RQ� WKH� LQQHU� OLS� FRQWRXU� DUH� SUHGLFWHG� IURP� WKH� RXWHU� FRQWRXU� GXULQJ� D� VHSDUDWH� SUH�
SURFHVVLQJ� VWDJH��7KH� SUHGLFWHG� SRLQWV� DUH� WKHQ� DGGHG� WR� WKH� GDWD� VHW� XVHG� LQ� WKH�PRGHO�
ILWWLQJ�GHVFULEHG�EHORZ��
�

  
  
  Measured
  Predicted

o1 o4

o6

o8o2
o7

o5

o3

i1 i2

�)LJXUH����3UHGLFWLRQ�RI�LQQHU�OLS�FRQWRXU�IURP�WKH�RXWHU��
�
3UHGLFWLRQ�LV�GRQH�LQ�WZR�VWHSV��)LUVW��D�WUDLQLQJ�VHW�LV�FRQVWUXFWHG�EDVHG�RQ�SKRQHWLF�

LQIRUPDWLRQ��WKHQ�D�OLQHDU�HVWLPDWRU�LV�WUDLQHG�RQ�WKLV�GDWD�WR�GR�WKH�DFWXDO�SUHGLFWLRQ���7KH�
WUDLQLQJ�VHW�6�FRQVLVWV�RI�DOO�IUDPHV�LQ�WKH�FRUSXV�ODEHOOHG�DV�ELODELDO��6 ��� � � ��� � � ���DQG�WKH�VDPH�
QXPEHU�RI� IUDPHV % � UDQGRPO\�VHOHFWHG�IURP�DOO�QRQ�ELODELDO� VHJPHQWV� �6 ������� ��� � � ��� � � ���)RU�HDFK�
RI�WKHVH�SDUWLWLRQV��WKH�SRVLWLRQV�RI�L % �DQG�L & �DUH�HVWLPDWHG�IURP�WKH�FRUUHVSRQGLQJ�SRLQWV�RQ�
WKH�RXWHU�FRQWRXU��R % �DQG�R & ��DV�IROORZV���
�
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ZKHUH�P �!&	� % �  �(>R & �R % @� LV� WKH� H[SHFWHG� YDOXH� RI� WKH� YHFWRU� IURP�R & � WR�R % � WDNHQ� RYHU� WKH�
ELODELDO�VHW��WKXV�UHSUHVHQWLQJ�WKH�WKLFNQHVV�RI�WKH�OLSV��

7KH�URZ�YHFWRUV�UHSUHVHQWLQJ�WKH�LQQHU�OLS�SRLQWV�L % 
 �DQG�L &	
 �IRU�DOO�L�LQ�6�DUH�DUUDQJHG�DV�
D�1�E\���PDWUL[�,�ZKHUH�1�LV�WKH�QXPEHU�RI�IUDPHV�LQ�6��
�
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$�VHFRQG�PDWUL[�2�LV�IRUPHG�IURP�DOO�WKH�SRLQWV�RQ�WKH�RXWHU�OLS�FRQWRXU�R ��
 ��IRU�N� ^�����
«��`��DQG�DOO� L� �6��7KH�PDWUL[�LV�DXJPHQWHG�ZLWK�DQ�DGGLWLRQDO�FROXPQ�RI�RQHV�WR�DOORZ�
GLUHFW�SUHGLFWLRQ�RI�QRQ�]HUR�PHDQ�YHFWRUV��
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8VLQJ�PXOWLSOH� OLQHDU� UHJUHVVLRQ�� ZH� FDOFXODWH� D� OLQHDU� HVWLPDWRU�7 �� � WKDW� FDQ� EH� XVHG� WR�
PDNH�D�SUHGLFWLRQ�RI�LQQHU�OLS�SRLQWV�,�IURP�RXWHU�2���
� OTI ⋅= OI

~
� ����

ZKHUH� I
~ LV�WKH�OHDVW�VTXDUH�HVWLPDWLRQ�RI�,��7KH�HVWLPDWRU�PDWUL[�7 �� �LV�JLYHQ�E\�

� 1TT
OI )( −⋅⋅⋅= OOOIT � ����

�����������������������������������������������������������
% �7KHUH�DUH������ELODELDO�IUDPHV�LQ�WKH�FRUSXV�



� 3DSHU��� ��
�

�

��

8VLQJ� WKLV� HVWLPDWRU�� LQQHU� OLS� SRLQWV� DUH� FDOFXODWHG� IRU� DOO� IUDPHV� LQ� WKH� FRUSXV�� DQG�
DSSHQGHG�WR�WKH�RULJLQDO�GDWD�VHW��7KH�PRWLYDWLRQ�IRU�XVLQJ�D�OLQHDU�HVWLPDWRU�WR�JHQHUDWH�WKH�
QHZ�SRLQWV�� UDWKHU� WKDQ�SUHGLFWLQJ� WKHP�GLUHFWO\�XVLQJ�SKRQHWLF� LQIRUPDWLRQ� �DV�ZDV�GRQH�
IRU�WKH�WUDLQLQJ�VHW��LV�WKDW�WKH�ODWWHU�VWUDWHJ\�ZRXOG�UHVXOW�LQ�ORVV�RI�G\QDPLFDO�LQIRUPDWLRQ��
ZKHUHDV� WKH� OLQHDU� HVWLPDWRU� LV� FDSDEOH� RI� UHWDLQLQJ� WKH� G\QDPLFDO� SURSHUWLHV� LQ� D� QDWXUDO�
ZD\���
���� 5HV\QWKHVLV�
*LYHQ�WKH�DOLJQHG�DQG�DXJPHQWHG�GDWD�VHW��ZH�ZDQW�WR�HVWLPDWH�SDUDPHWHU�WUDMHFWRULHV�WR�UH�
V\QWKHVL]H� WKH� GDWD� ZLWK� RXU� PRGHO� RI� WKH� IDFH� DQG� WRQJXH�� 7KHUH� LV� QR� H[DFW� ZD\� RI�
GHWHUPLQLQJ�D� VLQJOH�PRGHO�SDUDPHWHU�GLUHFWO\� IURP�PHDVXUHG�SRLQWV�� VLQFH� VRPH�DUHDV�RI�
WKH� IDFH� DUH� LQIOXHQFHG� E\� PRUH� WKDQ� RQH� SDUDPHWHU�� 7KXV�� SDUDPHWHUV� PXVW� EH� MRLQWO\�
HVWLPDWHG�XVLQJ�JOREDO�RSWLPLVDWLRQ��7R�FDUU\�RXW�VXFK�DQ�RSWLPLVDWLRQ��ZH�QHHG�D�PHDVXUH�
RI�JRRGQHVV�RI�ILW�EHWZHHQ�PRGHO�DQG�GDWD���
������*RRGQHVV�RI�ILW�
%HFDXVH�WKH�EDVLF�VKDSH�RI�WKH�IDFLDO�PRGHO�GRHV�QRW�H[DFWO\�PDWFK�WKH�UHFRUGHG�VSHDNHU��ZH�
QHHG�D�PHWULF� WKDW�GRHV�QRW�SHQDOL]H�VWDWLF�VKDSH�GLIIHUHQFHV��7KLV� LV� VROYHG�E\�GHILQLQJ�D�
YLUWXDO�PDUNHU�T 
 �RQ�WKH�IDFH�DQG�WRQJXH�RI�WKH�PRGHO�IRU�HDFK�PHDVXUHG�SRLQW�S 
 ��7KH�YLUWXDO�
PDUNHU� LV�GHILQHG� LQ� WHUPV�RI� WKUHH�QRQ�FR�OLQHDU�PRGHO�YHUWLFHV��Y %�� Y & DQG�Y � ��7KH� WKUHH�
YHUWLFHV�WRJHWKHU�ZLWK�WKH�VXUIDFH�QRUPDO�YHFWRU�IRUP�D�FRRUGLQDWH�V\VWHP�LQ�ZKLFK�ZH�FDQ�
H[SUHVV�WKH�SRVLWLRQ�RI�T�LQ�WHUPV�RI�WKH�FRRUGLQDWHV�V��W�DQG�X���
�
� T �Y % ��V��Y & ���Y % ����W��Y � ��Y % ����XH % �� � � � � � ��� �
�
ZKHUH�H % �LV�WKH�QRUPDOL]HG�YHUWH[�QRUPDO�RI�YHUWH[�Y % ��)RU�HDFK�T 
 ��WKH�FRRUGLQDWHV��V 
 ��W 
 ��X 
 ��
DUH�FKRVHQ�VR�WKDW�T 
 �� �S 
 �IRU�D�JLYHQ�UHIHUHQFH�IUDPH�LQ�WKH�FRUSXV��:H�XVHG�WKH�PLGGOH�RI�
WKH� � ��� �VHJPHQW�LQ� � ���	�
� �DV�WKH�UHIHUHQFH�IUDPH��VLQFH�WKLV�DOORZHG�IRU�D�JRRG�GHILQLWLRQ�RI�
WKH�ELODELDO�FORVXUH�DQG� � ���	�
� �ZDV�LQFOXGHG�LQ�WKH�05,�GDWD�VHW�RI�WRQJXH�VKDSHV��7KH�PRGHO�
ZDV� PDQXDOO\� DGMXVWHG� WR� PDWFK� WKH� SURGXFWLRQ� RI� WKLV� UHIHUHQFH� VHJPHQW�� 7KH� HUURU�
IXQFWLRQ� WR�PHDVXUH� JRRGQHVV� RI� ILW� EHWZHHQ�PRGHO� DQG� GDWD� IRU� D� WKH� YHFWRU� RI�PRGHO�
SDUDPHWHUV�\�LV�JLYHQ�E\�
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ZKHUH� .� LV� WKH� QXPEHU� RI� UHDO� DQG� YLUWXDO� PDUNHUV�� ,Q� RUGHU� WR� PDNH� WKH� SDUDPHWHU�
HVWLPDWLRQ�PRUH�UREXVW�DQG� OHVV� OLNHO\� WR�SURGXFH�XQ�SK\VLRORJLFDO� WRQJXH�VKDSHV��ZH� LP�
SRVH�WKH�FRQVWUDLQWV�EHORZ�RQ�WKH�ILWWLQJ�SURFHVV���
������7RQJXH�YROXPH�SUHVHUYDWLRQ�
7R� EH� SK\VLRORJLFDOO\� FRUUHFW�� WKH� YROXPH� RI� WKH� WRQJXH� VKRXOG� UHPDLQ� FRQVWDQW� GXULQJ�
DUWLFXODWLRQ��7KH�YROXPH�HQFORVHG�E\�WKH�SRO\JRQDO�WRQJXH�VXUIDFH�LV�FDOFXODWHG�DV�
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ZKHUH�3�LV�WKH�VHW�RI�DOO�WULDQJOHV�WKDW�PDNH�XS�WKH�WRQJXH�VXUIDFH��Y 
 % ��Y 
 & �DQG�Y 
 � �UHSUHVHQW�
WKH�WKUHH�YHUWLFHV�RI�WULDQJOH�L�DQG�Y � �LV�D�YHUWH[�DW�WKH�URRW�RI�WKH�WRQJXH��8VLQJ�WKLV�IRUPXOD�
ZH�FDOFXODWH�WKH�UHIHUHQFH�YROXPH�9 �  � �ZKHQ�WKH�PRGHO� LV� LQ� LWV�UHIHUHQFH�SRVLWLRQ��'XULQJ�
ILWWLQJ��GHYLDWLRQV�IURP�WKH�UHIHUHQFH�YROXPH�LV�SHQDOLVHG�E\�WKH�HUURU�WHUP�
�
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$V�GHVFULEHG�LQ�>�@��WKH�WRQJXH�PRGHO�SDUDPHWHUV�DUH�EDVHG�RQ�D�OLQHDU�FRPSRQHQW�DQDO\VLV�
RI�05,�GDWD��(DFK�SDUDPHWHU�\ 
 �KDV�D�ZHOO�GHILQHG�LQWHUYDO� >D 
 ��E 
 @�IRU�ZKLFK�LW�UHSUHVHQWV�D�
JRRG�DSSUR[LPDWLRQ�RI�REVHUYHG� WRQJXH�PRYHPHQWV��EXW�YDOXHV�RXWVLGH�RI� WKLV� UDQJH�FDQ�
UHVXOW� LQ�XQ�SK\VLRORJLFDO� WRQJXH� VKDSHV��6LQFH� WKH� VXEMHFW�XVHG� LQ� WKLV� VWXG\�GLIIHUV� IURP�
WKH� RQH� XVHG� IRU� FRQVWUXFWLRQ� RI� WKH� WRQJXH�PRGHO�� WKHUH� LV� D� ULVN� RI� YLRODWLQJ� WKH� YDOLG�
SDUDPHWHU�LQWHUYDOV�GXULQJ�WKH�ILWWLQJ�SURFHVV��7R�VLPSO\�UHVWULFW�WKH�SDUDPHWHUV�WR�WKH�YDOLG�
LQWHUYDOV�FRXOG�KRZHYHU�UHVXOW�LQ�XQQDWXUDO�G\QDPLFV��,QVWHDG�ZH�LPSRVH�VRIW�OLPLWV�E\�DGG�
LQJ�D�SHQDOW\�WHUP�IRU�YLRODWLRQ�RI�YDOLG�LQWHUYDOV��
�
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ZKHUH�7�LV�WKH�VHW�RI�WRQJXH�SDUDPHWHUV��
������5HVXOWLQJ�HUURU�IXQFWLRQ�
7KH�JOREDO�HUURU�IXQFWLRQ�XVHG�LQ�WKH�UH�V\QWKHVLV�LV�JLYHQ�DV�D�ZHLJKWHG�VXP�RI�WKH�HUURUV�
IRU�WKH�ILW��YROXPH�DQG�SDUDPHWHU�UDQJH�DV�GHILQHG�LQ�HTV������������	�������
� )()()()( yyyy rangerangevolvolfit ewewee ⋅+⋅+= � �����
6XLWDEOH�YDOXHV� IRU� WKH�ZHLJKWV�ZHUH�HPSLULFDOO\�GHWHUPLQHG�WR�Z � � � � �������DQG�Z � � � �  � �����
0LQLPLVDWLRQ�ZDV�WKHQ�FDUULHG�RXW�IRU�DOO�IUDPHV�LQ�WKH�FRUSXV��
([DPSOHV�RI�WKH�UHVXOWLQJ�UHV\QWKHVLV�DQLPDWLRQV�DUH�DYDLODEOH�DW�WKH�IROORZLQJ�85/��

http://www.speech.kth.se/multimodal/qsmt/�

���&255(/$7,21�%(7:((1�7+(�'$7$6(76�
8VLQJ� WKH� DQDO\VLV� SULQFLSOH� GHVFULEHG� LQ� >�@� DQG� >�@�� ZH� FDQ� LQYHVWLJDWH� WKH� LQWHUUHODWLRQ�
EHWZHHQ�WKH�IDFH� �4XDOLV\V��DQG� WRQJXH� �0RYHWUDFN��GDWDVHWV��8VLQJ� OLQHDU� UHJUHVVLRQ��RQH�
GDWD� VHW� LV� SUHGLFWHG� IURP� WKH� RWKHU�� DQG� WKH� FRUUHODWLRQ� EHWZHHQ� WKH� RULJLQDO� DQG� WKH�
SUHGLFWHG�FDQ�EH�FDOFXODWHG��)DFH�GDWD� LV�DUUDQJHG�LQ�D�1�E\����PDWUL[�;��ZKHUH�HDFK�URZ�
UHSUHVHQWV�D�WLPH�IUDPH��1� �QXPEHU�RI�IUDPHV�LQ�WKH�JLYHQ�FRUSXV���DQG�WKH�FROXPQV�KROG�
WKH� [��� \�� DQG� ]�FRRUGLQDWHV� RI� WKH� ��� SRLQWV�� H[FOXGLQJ� WKH� UHIHUHQFH� SRLQWV� RQ� WKH�
0RYHWUDFN� KHDGPRXQW�� $� VLPLODU�1�E\��.� PDWUL[� <� LV� FRQVWUXFWHG� IRU� WKH� (0$� GDWD��
FRQWDLQLQJ� [�� DQG� \�� FRRUGLQDWHV� RI�.�0RYHWUDFN� FRLOV�� 7KH� DQDO\VLV� EHORZ� LV� FDUULHG� RXW�
ZLWK�. ��FRLOV� �WRQJXH�RQO\�����FRLOV��WRQJXH�DQG�MDZ��DQG���FRLOV� �WRQJXH�� MDZ�DQG�XSSHU�
OLS���
7R�SUHGLFW�IDFH�GDWD�IURP�WKH�(0$��DQDORJRXV�WR�HTXDWLRQV�����DQG������ZH�FDQ�ZULWH�
� YTX ′⋅= YX

~ � �����
ZKHUH�<��LV�<�DXJPHQWHG�ZLWK�D�FROXPQ�RI�RQHV�DQG�WKH�HVWLPDWRU�PDWUL[�7��� �LV�JLYHQ�E\�
� 1TT

YX )( −⋅⋅⋅= YYYXT � �����
$�MDFNNQLIH�WUDLQLQJ�SURFHGXUH�LV�XVHG��WKH�GDWD�LV�VSOLW�LQWR�WHQ�SDUWV�ZKHUH�RQH�SDUW�LV�XVHG�
IRU�SUHGLFWLRQ������DQG�WKH�UHPDLQGHU�WR�WUDLQ�WKH�HVWLPDWRU�������7KLV�LV�UHSHDWHG�VR�WKDW�DOO�
SDUWV� DUH� XVHG� IRU� WUDLQLQJ� DQG� SUHGLFWLRQ��&RUUHODWLRQ� FRHIILFLHQWV� EHWZHHQ� WKH� SUHGLFWHG�
DQG�WKH�RULJLQDO�DUH�FDOFXODWHG��7KH�VDPH�SURFHGXUH�LV�XVHG�WR�SUHGLFW�WRQJXH�GDWD�IURP�IDFH�
GDWD��7KH�UHVXOWV�DUH�VKRZQ�LQ�WDEOH����

,W�FDQ�EH�QRWHG�WKDW�IRU���DQG���FRLOV��WRQJXH��WRQJXH���MDZ���SUHGLFWLRQ�RI�(0$�GDWD�
IURP�IDFH�LV�EHWWHU�WKDQ�IDFH�IURP�(0$��EXW�ZLWK���FRLOV��WRQJXH���MDZ���OLS��IDFH�LV�EHWWHU�
UHFRYHUHG�IURP�WKH�(0$�WKDQ�WKH�RSSRVLWH��7KLV�LV�FRQVLVWHQW�ZLWK�ZKDW�KDV�EHHQ�UHSRUWHG�
E\�RWKHU� LQYHVWLJDWRUV� >���@��7KH� FRUUHODWLRQV� DUH� JHQHUDOO\� KLJKHU� IRU�9&9� WKDQ� IRU�&9&�
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DQG�VHQWHQFHV��)RU�DOO�FRUSRUD��OLS�DQG�MDZ�FRLOV�DUH�SUHGLFWHG�QHDUO\�SHUIHFWO\��ZKLOH�WKH�PLG�
DQG�EDFN�FRLOV�RI�WKH�WRQJXH�KDYH�WKH�ORZHVW�SUHGLFWDELOLW\���
�
7DEOH����$YHUDJH�FRUUHODWLRQ�FRHIILFLHQWV�EHWZHHQ�WKH�SUHGLFWHG�DQG�PHDVXUHG�FRRUGLQDWHV��

� (0$�IURP�IDFH� )DFH�IURP�(0$�
&RUSXV� ��FRLOV�� ��FRLOV�� ��FRLOV� ��FRLOV� ��FRLOV� ��FRLOV�
9&9� ������ ������� ������ ������ ������ ������
&9&� ������� ������� ������ ������ ������ ������
6HQWHQFHV� ������� ������� ������ ������ ������ ������
$OO� ������� ������� ������ ������ ������ ������

���&21&/86,216�
7KH� FRPELQDWLRQ� RI� RSWLFDO� PRWLRQ� WUDFNLQJ� DQG� (0$� PHDVXUHPHQWV� SURYLGH� D� JRRG�
VRXUFH� RI� G\QDPLFDO� GDWD� WR� LPSURYH� WKH� DFFXUDF\� RI� YLVXDO� DUWLFXODWRU\� VSHHFK� V\QWKHVLV��
7KH�H[WHQW�WR�ZKLFK�WKH�WZR�GDWD�VHWV�FRXOG�EH�OLQHDUO\�SUHGLFWHG�IURP�HDFK�RWKHU�LV�VOLJKWO\�
ORZHU� WKDQ� LQ� SUHYLRXV� VWXGLHV�� EXW� WKLV� FDQ� SDUWO\� EH� H[SODLQHG� E\� WKH� IDFW� WKDW� D�PRUH�
GLYHUVH�FRUSXV�ZDV�XVHG�LQ�WKLV�VWXG\��

$&.12:/('*(0(176�
7KH�DXWKRUV�ZRXOG�OLNH�WR�WKDQN�3HWHU�%UDQGHUXG�DQG�%HUWLO�/\EHUJ�IRU�JLYLQJ�XV�DFFHVV�WR�
WKH�0RYH7UDFN�DQG�4XDOLV\V�V\VWHPV��DQG�$QQH�0DULH�gVWHU��RXU�HQGXULQJ�VXEMHFW��7KLV�UH�
VHDUFK�ZDV�FDUULHG�RXW�DW�WKH�&HQWUH�IRU�6SHHFK�7HFKQRORJ\��VXSSRUWHG�E\�9,1129$��7KH�
6ZHGLVK�$JHQF\�IRU�,QQRYDWLRQ�6\VWHPV���.7+�DQG�SDUWLFLSDWLQJ�6ZHGLVK�FRPSDQLHV�DQG�
RUJDQL]DWLRQV��2ORY�(QJZDOO� LV� SDUWO\� IXQGHG� E\� WKH�:HQQHU�*UHQ� IRXQGDWLRQ� DQG�+DQV�
:HUWKpQ�IRQGHQ��

5()(5(1&(6�
>�@� 2��(QJZDOO��7RQJXH�7DONLQJ�²�6WXGLHV�LQ�,QWUDRUDO�6SHHFK�6\QWKHVLV��3K'�7KHVLV��.7+��6ZHGHQ��������
>�@� +��<HKLD��3��5XELQ�DQG�(��9DWLNLRWLV�%DWHVRQ��´4XDQWLWDWLYH�DVVRFLDWLRQ�RI�YRFDO�WUDFW�DQG�IDFLDO�

EHKDYLRXUµ��6SHHFK�&RPPXQLFDWLRQ��YRO������SS���������������
>�@� -�� -LDQJ�� $�� $OZDQ�� /�� %HUQVWHLQ�� 3�� .HDWLQJ� DQG� (�� $XHU�� ´2Q� WKH� FRUUHODWLRQ� EHWZHHQ� IDFLDO�

PRYHPHQWV��WRQJXH�PRYHPHQWV�DQG�VSHHFK�DFRXVWLFVµ��3URF�RI�,&6/3������YRO�����������������
>�@� *��%DLOO\�DQG�3���%DGLQ��´6HHLQJ�WRQJXH�PRYHPHQWV�IURP�RXWVLGHµ��3URF�RI�,&6/3�����������������

�������
>�@� -��%HVNRZ��´$QLPDWLRQ�RI�7DONLQJ�$JHQWVµ��3URF�RI�$963
����SS������������������
>�@� )�,��3DUNH��´3DUDPHWHUL]HG�PRGHOV�IRU�IDFLDO�DQLPDWLRQµ��,(((�&RPSXWHU�*UDSKLFV�YRO��������SS����

���������
>�@� 3��%UDQGHUXG��´0RYHWUDFN���D�PRYHPHQW�WUDFNLQJ�V\VWHPµ��3URF�RI�WKH�)UHQFK�6ZHGLVK�6\PSRVLXP�RQ�

6SHHFK��*UHQREOH�����������������
>�@� http://www.qualisys.se 
>�@�7��gKPDQ��´$Q�DXGLR�YLVXDO�VSHHFK�GDWDEDVH�DQG�DXWRPDWLF�PHDVXUHPHQWV�RI�YLVXDO�VSHHFKµ��.7+�

70+�4365��YRO�������SS���������������
>��@�$��0DF/HRG�DQG�4��6XPPHUILHOG��´$�SURFHGXUH�IRU�PHDVXULQJ�DXGLWRU\�DQG�DXGLRYLVXDO�VSHHFK�

UHFHSWLRQ�WKUHVKROGV�IRU�VHQWHQFHV�LQ�QRLVH��5DWLRQDOH��HYDOXDWLRQ�DQG�UHFRPPHQGDWLRQV�IRU�XVHµ��
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